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INTRODUCTION . 

A central problem In the mathematical theory ot 
computers and computation, is to find a Suitable frOtttnrV 
for expressing the execution of a computer program by a 
computer. Within the fraaevork wo want to be able to 
provide answers to such questions asi 

(1) Does a certain program perform e certain task? 

(2) Are two programs equivalent* i,e** do they 
perform the same task? 

(3) IlndeT what conditions„ if at all, will 
a program fail to halt? 

(4) How can a given program be simplified, 
in some SEnss, or made more efficient? 

These kinds of questions are customarily answered by 

experienced intuition* for simple programs* supplemented 

by trial and* often* error for taore complicated ones. We 

should Like to replace such methods by a formalixable 

procedure* capable of being carried out by a computer 

progrart, Unfortunately* under most definitions, all the 

above questions are provably unsolvable. The proof 

sight proceed by saying that if we could answer any of 

these questions! we could certainly establish of a given 

program whether or not it eve r halts. Then, if our 

programming language is sufficiently powerful to carry out 



real computations, wc should be able to reduce the 
halting problem for luting machines, ox some such 
unsolvable decision problem, to the halting problem for 
certain programs in out language. 

In default of a complete procedure, It may, 
nevertheless, be worthwhile to Loo-k for various techniques 
by which to prove, say, that two programs itte equ t va leu t, 

J, McCarthy [9,10] introduces a formalism using conditional 
expressions, in which now functions arc produced from old 
functions by a recursive definition process* A computer 
program in his formalism, given in the form, of a flow 
diagram, in which the flow of calculation is controlled 
by conditional capreSSions p can be. converted to * series 
of function definitions. Various techniques axe presented 
whereby such recursive functions* and hence programs, may 
be proved equivalent. 

Cooper [1] generalises certain of these equivalence 
proofs to programs involving undefined functions, satisfy¬ 
ing certain conditions and relations, TineE* techniques 
seem to be applicable only to programs of a relatively 
simple nature and furthermore, for any actual programming 
language and computer, the intrinsic relations between 
the operations expressible in the language are often 
complicated. Even apparently Simple relations may have 
to be qualified by exception* and adjustments corresponding 



to the idiosyncrasies of the language and computer. As 
a fairly trivial example, algebraically: 

(xtl)(x-1) * K^-l 

but the corresponding results of the two T rou£in.es 1 ; 


x K-I 

X := X+l 

X :■ Xnf 


and 


X r* Kri 
X i = X-i 


as calculated by a computer will rarely be the same,, and 
if X initially has a value close to unity the first 
expression is likely to give the more precise result. 

We cannot in general allow two such routines to be 
treated as equivalent* 

Cooper stresses the need to bo able to prove 
1 shallow results about large programs 1 , by which, he 
means results which depend only on rudimentary properties 
of the language and the sietple relations between the 
basic functions; for example, we might consider the 
purely graph-theoretic transformations which can be made 
Oh the flow-diagram o£ a program. 

lu* lanou [6], whose work is reported also by 
Rutledge [15], eccomp1ishes this by considering the 
1 log icy L schemes' 1 representing the sequential end control 
properties of programs which remain when almost all the 
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information about the nature of the basic operations ia 
■disregarded. Ha is able to obtain a ceepiete decision 
procedure for the equivalence of schemes, but sacrifices 
a great deal of the essential structure of programs, 
leaving, in effect, little more than finite automata. 

Tine work described here is an investigation 
into a model of computation which is, in a sense, an 
extension of lanov's model. We regard our ’computer 7 
as having storage divided Up into A finite number of 
discrete 'locations 1 , with each of which is associated a 
value from gp»e fixed, usually infinite, domain. A 
typical computation statement OX instruction: 

L 2 F(L 2 ,L 3 ) 

has tha effect of assigning a new value to the location 
Lj, which depends in some fixed but unspecific way on 
the previous values of L, and and the symbol P. The 
only other kind of statement performs some test,, similarly 
unspecified, on the value of a location (without changing 
this value), and decides, on the basis of this test, 
which statement is to ha executed next. 

We are free to regard a statement as a 
'machine—code 1 order for acme computer, as an assignment 
or conditional jump statement in gome autocode or 
ALGOL-like language, as a sub-routine Of a program (£,n 


which case a location may be a whole block of storage 
o-r sorae more general data structure) , or even as some 
Step in a process quite unconnected with digital comput¬ 
ation, We shall usually adopt the terminology and motive 
tion of the second of these, 

A program:, cade up from such statements, is called 
a 'program schema 1 * because as yet the function 
and test symbols which appear have no corresponding 
semantic content s that is to say, no arithmetical or 
logical functions are associated with them. An 
1 Interpretation' of the language is an assignment of 
expropriate, functions to these Symbols and of initial 
values to the locations. An interpreted program schema 
is then, in effect* e computer program which could he 
executed on some idealised computer. We can define tVO 
program Schemata to be 'equivalent' if, under all 
interpretations, the two programs produce identical 
results■. Of course certain interpretations will be 
quite unsuitable: in a computational context, and we 
can introduce various restrictions on the kind of 
interpretation, considering perhaps recursive interpreta¬ 
tions* or interpretations over finite domains of values, 
We should point out at this Stage some of the 
shortcomings of our formalism, which jsristt froc* the 


Wholesale, removal of Explicitly defined functions and 
out consequent inability to express the self-modification 
of computer programs. We have no way of representing the 
recursive use of sub-routines or the indirect addressing 
of storage registers, and we must treat any vector or 
matrix as a Single location Tether than as an array of 
distinct elements. An extension of out language to 
include some such features would certainly be desirable* 
hut this is beyound the scope of this dissertation. 

The model of computation which program schemata 
provide, allows us to study the characteristic properties 
of, at least, some kind of computational process without 
the interference, and dominance, of the arithmetical and 
logical properties of the basic operations involved. W* 
envisage a practical procedure for the automatic simplifi¬ 
cation of computer programs, which would consist of 
abstracting the corresponding schemata, applying to these 
SOmE schemata-ainplifying techniques which would be quite 
independent of the computer or language concerned, and 
finally translating back into the original language. In 
finding simplification algorithms for schemata, however, 
we have very soon to face the problems of deciding whan 
two schemata are equivalent„ 
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PART [. PETIjjTTIGHE AgD ELEMEHTftBY RESULTS . 

51* KOTATlOa AMD FitEBEQLlISlTES . 

Ht shall assume the fjntllferity of the reader with 
some of the elementary results of mathematical logic 
relating to computability and solvability, which appear* 
for example, In Davis [21 nr Hermes [4]* We assume 
known a formal definition of algorithm or _e_f_f e c tive 
procedure . A decision problem enquires as to the truth 
or falsity of each of a whole class of statements* and 
such a problea is (recursively) unsellable if there ie 
no aljoifithH which Supplies all the answers* For 
a livable decision problems, we will refrain from giving 
formal algorithms for the solutions and rely on intuition 
to verify that the informal procedures we describe could 
be replaced by such. Ue aay that a decision problem is 
parE-Laily solvabIs if there is an effective enumeration 
of the true statements in the class* or equivalently* 
if there ie an algorithm which* when presented with a 
statement of the class which is true, comes to the 
correct decision, but otherwise fails to terminate. 

We often wish to use results from the theory of 
Turing machines* The notation we adopt is close to 
that c£ Davis [£] t We give here our main definitions 
and state the theorems we shall require. 
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DcfinItIons . 

A Turing c i achine M* Is a (2m x 4) -matrix* (m > 0) , 
of the form: \ 


q l 

0 

\ V 

q l 

1 

h 2 ^2' 

*2 

Q 

*3 V 


1 

b 2m-2 q 2m-2 r 


0 

b 2m-l q im-1 r 


1 

b 2m Cl 2» f 


where ^l 3 "* 43 ^ aife distinct integers and: 

r c (q , for i = 

The are states and c. is the initial state of H, 

Each h^ is one of { OplpLpRpH }. We shall sometimes 
denote 0„1 by a^s. respectively, 

A configuration fc 3 (’instantaneous description 1, in 
[21) is a string of symbols of the form: 

Pq^Qc 


where P are (possibly empty) strings of 0 's and l's, 
j 11 & ot 1 T and e is a special symbol. 











n it Initial tonfiguration if i = 1, and a is a 
terrainal configuration if ’.n m H q T £ e a rev of H. 

1 5 

for some q, 

The consecutive configuration to s is> 


( 1 ) 

OP q ^ a,. qOt 

if n is 

terminal 

{especial note E 

( 11 ) 


if ' ^ 

a j \ % 

1 is a row of H, 

( 111 ) 

OPa.q qOt 
ft 

if ■ fli 

Bj R q r + 

is a row of M, 

Civ) 

OBq^a qpe 

if ' q ± 
and P “ 

fl j L 1 

ha k . 

is a row of M 

(iv) 1 

q r 0* qo* 

±f ' \ 

a, L q ’ 
j ^ 

null, 

is a row of H 


and V is 


A commutation C. Is a sequence of consecutive cnuffimraj-rmu 


Starting from an initial configuration. The 0 
configuration of C is the- initial configuration and the 

is the consecutive configuration to the n ttl j, for n ^ 0. 
C halts if there is a terminal configuration in C, and 
civeraes otherwise, 

C halts on_01 if C halts and there ie a terminal configu¬ 
ration of the form: 

and similarly for T C halts on 1 F . 










ID 


Consider the computation C cot responding to 
machine M and initial, configuration: 

11....lq^Oc 

—*■ 

which may be described as + starting M on n r . We shall 
say thatt 

C[K t n] = 0 if C halts on Q* 

* 1 if C halts on 1, 
and C[M,n] divarpes Otherwise. 

The symbol 0 will be thought of as a ’blank 1 symbol T and 
the configuration: 

■q L Oc 

Will bo described as 1 starting on a blank tape 1 , 

Wo now state j without proof, the few theorems 
which t» 0 shall require. Each is readily derivable from 
well-known results which appear as main GhOorecs in any 
Standard work on the theory cf Turing machines. (Davis [2], 
Hemes [4].) 

The nr sm A. The decision problem of whether CfM*0] 

diverges £ot arbitrary M a is recursively unaolvable, 
and is not indeed even partially solvable. 

[Heroes, p, 144J 
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Let ■ - be an effective enumeration of the 

set of all Turing machines* 


Theorem £ *■ There is e Taring machine U„ with the 
property that* for all n: 


either C|u,n] = C[M n ,n] 
or C[U p n] and CfM^n] both diverge. 
[From He rmes , 5 W] 

We will call such a U a uni vers a l Tu ring, mach ine. 


Theorem C. 


There is e Turing machine U T such that it 


is recursively unaolvable whether or not* C[ U,n] diverges 
for arbitrary n, 

[From Theorem and Eiermes, p.144] 


Theorem P , Given any recursive function f, there is 
a Turing machine >1* Such that, for all □ >_ 0, 

C[M*nJ - 1 if f(ra) - 0 
= 0 of f(n) ^ 0 


[Hermes, Section 16] 
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| 2 . ' PROGRAM SCHEMATA/ AND _S_Qj>j E BASIC RESULTS, 

§ 2 ,0 In this section, we give the definitions of 

1 p rogrhm. s ch eioa ta 1 and ' interpretation 1 * of '(strong) 
equivalence 1 and several ether relations between schemata, 
and justify our choice of some of these. We also consider 
alternative fomulatioms of these relations which do not 
involve the concept of an ’interpretation 1 . We introduce 
the idea of a 'reasonable’ relation between schemata,, 
which is any relation intermediste tQ strong and weak 
equivalence,, and finally, wc formalize as a 1 tule>-bOok\ 
the kind of algorithm which we would expect to be useful 
in simplifying schemata. These two concepts are due to 
D.tt. fatk. 




6 2 r I, jf In i t ions . 


The formal language we will use tentains the following 
symbols: 


Ci) 

integers* • 


CIO 

F^ F^" 

r l J 2 J r 3. s- ■ * 

2 2 

* * * * {operator or 

function Symbols}, 

(ill) 

W 11 ' jT k 

{transfer or test symbols) s 

Civ) 

Lj.» l 2 i > ■ ' 

{location symbols), 

<v) 

■ = 

(the assignment symbol) , 


(Vi) brackets y commas* and other auxiliary symbols r 

The number oi symbols In the letl&nage is finite-, but 
we shell not usually be concerned with the precise 
number* 

The statements (ot instructions) of the language 
are of two types: 

(1) Operator ins tract £n ns , (or c Ofnftotn tj on 
Instructions ,) 
a. Lj 

and (2) Transfer instructions , for tests.*) 

a. T/V b ' e 

where ,t,u are integers, In both 
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cases* a is the p refix or address of the instruction. 


In (1), L Is the assignment location and L . L 

1 ■ Kj 


axe the retrieval locations* In (2) s b and c are 
Che left- and right- transfer addresses reapactively. 

A program schema is a finite sequence of 
Instructions together with three integers,, the initial 
add rase which is the prefix: of some instruction, and 
the left- and right- terminal addresses which are not 


prefixes and are distinct , such that t 

(i) the prefix of each Instruction is its 
position in the sequence. 

(li) each transfer address is either the prefix 
of some lastruction or else a terminal 
addre s s, 

(Hi) either Che last instruction in the sequence 
is a transfer instruction or else its prefix 
is one less than a terminal address. 

We define a s ecuence t. through a SCheaS as a (finite 

or infinite) sequence O'f integers satisfying the 

th 

following conditions (where denotes the i element 

of a} i 

(I) t( 1) is the initial address of the schema t 


(2) if n <1J is the prefix of an operator 
instruction tbenj 
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iKi+i) = it CD + l 

[3) if t(D Is tSt-e prefix of a transfer instruction 
with transfer addresses b ,C ^ then t 

f (i+I) is either b or c 

(■'0 if * (i) is a terminal address. It is th* last 
element of tt* 

The value of 0 finite sequence through a schema ia 
defined to be G or 1 according as the final elenient 
of it is th* left- or right-terminal address. The 
value of an infinite sequence is undefined. 

If the operator symbols and transfer symbols 
of a schema are interpreted ns standing for particular 
functions and. characteristic functions over a suitable 
domain t then the schema can be regarded as a computer 
program which could be executed by some idealized 
computer. A computation seaTts at the initial instruction 
of the schema with a specified initial value from the 
domain, associated with each location symbol. An 
operator instruction assigns a new value to the 
assignment location and the succeeding instruction 
is executed next. A transfer instruction leaves the 
values of all the locations unchanged but applies its 
characteristic function to the current value of Its 



Location, and, according to whether th-o re£u 11ing value 
is 0 or 1* the instruction with the left- or right- 
transfer address respectively f as prefix is executed 
next* 

More formally ,, an Interpretation S t is a mapping 
from the location,, operator and transfer symbols into a 
net D t and the set of functions and characteristic 
functions on D s such that: 

(I) to each L, Is assigned some element E (L ) e Dj 
t 1 

til) Co each is assigned some fi-ddlt function 

I(fJ) : d" v D* 

(Ill) to each T it assigned some characteristic 
function IfT ) : D ■+ {Cl s l}. 

The execution sequence ff T , and mini nutation sequence 
corresponding to a given interpretation I s are defined 
as follows. Where A^(iTj)(I) (J) is the J ^ element of this: 

(1) Hjd) is the initial address, 

(2> A I cn I > a) = 

(l> if ff-j.fi) is the prefix of the instruct ion; 
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then: 

WjU+l) - TTjCl) + 1 

V T r > £1+15 fj) - A 3 ( ir 3 ) (!) (j) if j / v. and 

A I ( TT I > (i+i) (v) *l£f*> |Aj.( Ij) Cl) (k L ).A r £ t t ) (i) (k t )1 

(4) if TTj.fi> is the prefix of the test: 

T (L > b ,c 
u v * 


then: 


Ttjfi+l) - b if ICT u )jA I CTr 1 )(i)(v)] - 0 
= c if " Hl - 1 


and 

Aj.C^Ki+1) = ^(TTjJd). 

For any schema F and interpretation 3* we define 
val{F j. )■ as the value of the corresponding execution 


Sequence it if this is defined. In this case we shall 


say that P converges under I, and succeeds or fails 
When vaKFj.) - 0 OT 1 respectively. Otherwise val(P ) 

ii undefined, and F diverges under I. 

'Definition , Two program schemata P,Q are ( s tranglyj 
■equivalent .. P 5 if T for all interprecations I, 
either val(Fj) * valCt^) 
or hath P and Q diverge under 1 + 
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This is a very stringent relation, but we shall 
also study various weaker relations p which am all 
obtained by restricting the range of the quantification 
in the above definition- For convenience, the wore 
important of these relations are defined here. It will 
be clear that the domain D of any interpretation may 
be taken to be countable and, without loss of generality, 
we may take for D either the set of natural numbers or 
the set of finite strings over & finite alphabet* A 
recursive interpretation over II is one for which all 
the functions assigned to symbols of the schemata are 
recursive functions over D. A finite Interpretation 
is one which can he defined over A domain of finite 
cardinal* 

Pefinltlons . Two program schemata F,Q are recursively 
(respectively finitely ) equivalent „ P h (J, 

(respectively ? If Q ) if* for all recursive 
(respectively finite) interpretations I, 
either val(P^) = val(Q^) 
or both F and Q diverge under I. 

Two program schemata F,Q are weakly equivalent * P = Q, 
if a for all interpretations I, 

yal(Pj) = val(Q^) when both axe defined. 









Note : “ 1 b not an equivalence relation* since any two 

schemata are both weakly equivalent to a schema which 
diverges under all interpretations. 

The apparently weaker relations such us 
weak finite equivalence , ( F ■*£ obtained hy 
restricting the last definition to finite interpretations* 
turn Out to be the same ag wuak equivalence. For example. 

Lemma , F ? f (J P “ Q 

Proof, Suppose there is some interpretation I* for 
which both P and converge* but P succeeds and 
Qj. fails, then there is clearly some finite interpretation 
I\ for which P^, succeeds and Qj, t fails. / 

Thus we have the three impLications expressed by: 
P i Q -> P Q F =£ () •» F a q 

and we will show later ITheorem 3.2] that none of these 
implications can be reversed. 
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§ 1 „ 2 ,T ijj; dfl c ei t .1 :.m c£ d e £ in l t i j n g, 


At this point it seems, appropriate to explain 

out choice of definitions for equivalence etc, Ue 

have chosen to ignore the final values associated with 

the locations and to record only the final address, 

We regard a schema more as a (partially defined) 

predicate than as a function Of transformation. We 

can show, however, that our definitions are not really 

any less general, by demonstrating how other definitions 

and formalisms could be 'simulated * by our Schemata, 

For example, suppose we select some subset 

R = l L ,..-,L } of the locations, and call two 
1 x 

schemata R-equjvalent » if, under all interpretations, 
the schemata either both diverge, or both converge with 
matching final values associated with each location of 


R, [This definition, with K being the set of all the 

locations is used by Luckham and Park (?)], Given any 

test-symbol I, and new function sytebols F „„. . ,F , 

r l r x 

we may append at any terminal address of such a schema 
F* the Sequence of instructions: (viz, p,2& for notation), 


^ r=F (L ) 
r l r l r l 

V HI 


l f a ) 

r r r ■ 

K XX 

T(L r ? V ^ 
x 
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to produce the schwa P’ say. It is clear that, for 
all P,q: 

P R- eq ui val ent to Q*: F 1 = Q 1 

and that similar results hold for recursive* finite 
and weaJc equivalences. 

Instead of allowing a schema to hilt, we say 
have it produce 'output’ during the course of its 
computation, An ’output instruction’ could he of the 
form: 

OUTPUT L 

which leaves L_, unchanged, but records its current 
value as the next in a sequent*, or ’output tape'. TWe 
scherata would be output-equivalent if. under all 
interpretations! the corresponding output tapes they 
produce are identical. For the simulation we introduce 
a new location N and a nev function symbol H* and 
replace each output instruction of the above form hyr 

N ;= U(L 

T(H> e Q> Vi 

Again, two schemata are output-equivalent if and only if 
their transformations axe equivalent. 

Similarly, Suppose we allow 'input instructions' 
in our formal language, such as: 





L OPUT 

with the effect that takes on the next value flfCnti 
a fixed- sequence of valves, or r input tape\ This may 
be simulated by introducing 3 new location S' and a new 
function symbol F 1 , and replacing each instruction of 
the above form by; 

L. F'(H 1 ) 

N h E® F P (W J 


so that the input tape is provided by: 

fW, f{f(f {».))), ... 

where f ® I(F“) and x =■ I (JT 1 ) . By other cons true tions, 
many other, apparently new, features (such as statements 
of the form: 'L^ := L^ 1 ) may be simulated* 

Out definitions have their advantages in the 
ease of presentation, cf results and proofs» and in their 
simplicity. We note particularly that only two kinds 
cf instruction are required. (For some purposes we even 
reduce this number!) The chief disadvantage is that, 
given two equivalent schemata, it is not usually an 
equivalence-preserving operation to replace one by 
the other as a sub-sehema of a Larger schema, brevet 
where we are concerned more with decision problems 
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than simplification algorithms,, this con si derat ion is 
Of leas importance. 


$ 2.3 Syntactic characterisations . 

How we establish an alternative., more syntactic, 
definition of equivalence, which is due to D + Luekham. 
who proved essentially this result in [SEN Memorandum, 
October 1962 (unpublished)]. To this end we define, 
for any SCfoefia P and any sequence » through P, the 
fret computation sequence , A(n) , which is a sequence Hjf 


m-tuple 5 of strings of symbols, where m is the number 
of locations used in the schema. A(tr) is defined 
inductively by. r 


(1) AfirXl) = < L 1 . L m > 

(2) if v(i) is the prefix of the instruction; 

L i» F C (L .L } 

V U W^ W 

then; 


AUKi+lHj) ■ A(fl)UHj) for j / v, 

and: 

A(ir){l+l)(v) - F C X H ,, *3C 
u w* v~ w 
1 J t 

where X^ is the string A(v)(i)(w^)* 
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(3) if la a transfer instruction then 

A(i0(i+1) = *.(*)«) .. 


For any sequence ir and any transfer symbol f , 

LL 

ue define two sets of strings i {it) and ® fn) as 

u u ' 

follows: 


Consider the set of all i such that r[i) ts 
the prefix of an instruction of the form* 


W b ' c 

and b / c, then, 

ACtt) (i) (v) c JL^(i) 


(v) 

Definition , A set of sequences * ,t 


if e(i+1) 
if ir(i+l) 

(Q) fr) 

,ti *.. 



through Schemata F,Q,.E.,... are consistent if, for all 
transfer symbols T , the sets: 


IL u (ii m ) u IL j <t T <Q - 3 > V - 


and IE. £tt^ ) u 
u 


JWy , 

IT J * - m . 


are disjoint* 


Then-rein 2,1 For any two Schemata, P if and only 

if, for all pairs of sequences and tt^ through 

F and Q respectively, if t and are consistent 

then the values of IT ^ and are equal or are 
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both undefined. 

Proof. Suppose that F = q and that it ^ and * ^ ar * 

+■ 

consistent. Let I be the interpretation, over the 
domain C of strings of function and location symbols, 
defined by: 

(i) 1 (L.) •* L foT each L. , 

ai i 

(ii) I + (F*)(JS^,.. . jX ) = F*x^, > .>; c (i,e, the 

string obtained by eon-catenating the symbol 
and the strings ) far each 

(Lit) I + (T >(i> = 0 if x el. <ir tF) )rf L 

LL ii g| " 

m l otherwise. 

eutti, , 1+ <p > - ,<« „ 4 v <« . „«>■ 

’ r I + is the execution sequence in R corresponding to 

I -1 ", for ft “ P,Qi therefore the values of ir 1 '^ and 
are equaL or art both undefined. 

Conversely, suppose that F^Q and val(P 3 ) / valCq^) 

for some I say. Any intorpretatiop 1 1 defines a natural 
mapping 1 from the symbol strings which occur in free 
computation sequences into Che domain of 1, by; 

<i> i*a t > - xa t > 

(ii) i*O^V"V - I(F*H i*< 6 c ) ] 

where E^ t ...,E^ are Strings, 



Clearly* for any execution sequence e 

A A(ir I ) (i) (j) > - (i) (j) for all i, j, 

&o for each transfer symbol T., and all strings E, 

E 3L u (tr 1 > ^ TL < T u > [ I*(E) ] - 0 

and similarly for i and 1, Since this holds for both 
and w they must be consistent f but we. know 

that they do not have the saw value< / 

Corollary ■ A sequence is conslatent if and only if it 
is the execution sequence of suae interpretation. 

An interpretation which has the form of l"*" in the above 
pToof is called a f ree interpret a tion ^ 

It is natural now to attempt to find r syntactic p 
definitions for the other relations defined above. to 
obtain analogue)us results to Theorem 2.L, we muse impose 
some further Condition apart from consistency* on the 

I'p'l if 01 

pairs of sequences i , v considered, for weak 
equivalence the way is obvious, and we state without 
proofs 

Theorem 2,2 P ® Q if and only if, fot all pairs of 

finite sequences and tl ^ which are consistent, 

fp\ frtl 

the values of i and a are equal. 
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De f i nl Hi ons ■ A sequence tt through a s then a is ulti mately 

pe riodic if there exist integers b>Q s k > Q,, such that* 
for all n ^ h, t£h) = jr(n-l-k) if these are defined* 

Hotel any finite sequence is ultimately periodic+ 

A sequence through a schema P is recursive. if ti , 
regarded as a function- from the integers into the set 
of addresses of P is recursive- 


Theore m 2■3 Pot any schema P and interpretation I„ 

£i) if l is finite then is ultimately 

periodic, 

fp\ 

<ii) if I is recursive then v 3 is recursive. 


Proof - (i) Heciota the (ffi+l)-veetor, 

< ^( 1 ), > 

liy u(i) . Since the number of addresses 
of P and the domain of I ere both finite* 
there are only a finite number of distinct 
values for afi), Furthermore It is easy to 
verify that if a£i) = a(jl, then 
■a(i+n) = a(j+n) for all n _> 0 P so that a 
is ultimately periodic+ 

tii) The definition of is clearly recursive 
in the functions of 1 T Hence If these are 


recursive* so is a 








Unfortunately s and perhaps surprisingly* the 
implicatiotif; in Theorem 2.3 do not hold in reverse* and 
the problems of finding syntactic charec t erizations of 
the execution sequences of finite and recursive inter¬ 
pretations remain open. An example of a tecorsive 
execution sequence which cannot correspond to any 
recursive interpretation will be produced in &5.1, but 
4 Simple example for the other case can. be given here. 

Schama 5 .. 

n 2 Ftttj) 

a, L l HtKj.MjJ 

l 2 *« 

i- PWj) 

K 2 :<* FtH^) 

M 2 P(M 2 ) 

T(L l ) e 2> '+1 
T(L 2 ) a, e ± 

informal Mtttlon. 

In the interests of clarity, we employ certain 
conventions and contractions when we give examples of 
schemata. Unless otherwise specified* the first instruction 
is the initial instruction, and the terminal addresses are 
always denoted by e^ and e^ respectively. Prefixes are 

in general emitted except where transfers are involved* 
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1X1 which case Che prefix is usually debated by a small 
letter. The expression 1 '+1 1 wherever it occurs as 
a transfer address denotes the prefix of the following 
instruction in the schema, the effect of a transfer 
instruction of the fora? 

VV a - a 

is independent of u and i and will be called an 
unconditional tr ans fer . Where it is convenient to avoid 
the arbitrary choice of u and i we introduce the 
statement; 

goto a 

as an abbreviation for such a transfer instruction. 

Minor points to not* are that subscripts and superscripts 
are often dropped p where this cannot lead to any confusion, 
and a variety of different capital letters are used as 
symbols. 

As we examine the schema 5,, we observe that 

1 

there is only one infinite sequence through it. Let 1 
be some finite interpretation with this as its execution 
sequence and we write: 

f ^a for ICK-.) 

and f n+ ^a for r(rlff r "a] 1 , n ^ 0, 

Ac successive points ifi the computation sequence which 
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correspond Co the address a of the schema, the 
successive values associated with the locations tl. and 


]% are: 


f°a 


f 2 a 


_1 
f a 


fa 


A 

f a 


f 5 a 


f 3 a 


f 7 a 


Since I is finite, not all these values are distinct t 
30 suppose: 

f a * r a for swna x,$ > Q 


Therefore i 

j.E c s+t r s+£f 
f a ■ I a “ l a* T ,T 

for some t >_ CL Hence, putting u 


,2&4t+l 
r a 

s+c: 


,-u ,2u+l 

f a = f a 


When locations L. end I..-, ate tested for the Cllt-] ) 


th tiee* 


their associated values are: 


h 1 - t(H)rf U a,£ U a] and * I (H) [ fV^^a] 


To continue for another loop requires the conditions i 
I(T)[ b 1 ] =1 and I(T)[ bg ] - 0 
but since b^ » wO have a Contradiction, Hence 


has the affirmed property.. 
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1 1 ,4 1 Reasonable' re la cions and rule-books , 

The re laden of (strong} equivalence is a natural 
one and the strongest among the sort uf relations we are 
considering. Weak ■'equivalence 1 is rather le&s natural, 
but it seeiiLs to be the weakest relation of interest, 
since it is difficult to reject, on any perfectly general 
grounds,, any interpretation for which both the relevant 
schemata converge, or more precisely, to reject any 
consistent pair of finite execution sequences. Finite 
and recursive equivalence are again cbte naturally 
motivated, because we consider, for the former, just 
those interpretations which are theoretically realizable 
by a finite automaton (such as a digital computer with 
a limited amount of storage), and for the latter, Just 
those which could be realised by a Turing machine (or 
a digital computer with unrestricted storage space}.. 

Many ocher relations, Which fall between strong and weak 
equivalence, could, be of interest, and it is convenient 
to be able to prove, at one stroke, theorems about all 
such relations. 

De f j n i t jjg . A relation 'v cm program schemata is re as oil able . 
if, fur all P,Q; 


(1} if f -mJ then P * Q 
(iij if F = Q then F tq 






Weak equivalence is an IntransitivE reasonable relation. 


The relation \ > defined by j 


P *4 Q if val(P j. ) = val(Q I > whenever vaKFj) is defined 

is an example of an asymmetric reasonable relation. 

Finite and recursive equivalences are, of course, reasonable 
equivalence relations. 

We may expact any practical algorithm for 
improving the- efficiencey of computer programs to include 
a set of rules which csfly be applied locally, Co some 
part of the program, to produce seme imprevemcnt or 
rearrangement- We will give a feu illustrations of such, 
rules applied to schemata* In each case it is easy to 
sac that the brans formal: ion results in an equivalent 
schema. 

£l) . Permutation of computation instructions . 


I* i* P(L„} 

S G<4) 


:= G{L^> 



(II). Deletion of 'vacuous* instruction*. 



L, G(L a ) 


L 1 G(L 2 ) 




(Ill)Substitution and dulction. 



(v) . Etemo'val of repeat ad tests. 















(71) . 'Unwinding' loops (or the reverse.) 



(711}. 'Tightening' of loops. 
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As we uiU see ift retrospect, it is inappropriate 
to consider suth tr&hsfpt&atiohs in m^ra detail at 
present. If 'v is any relation between schemata, a 

-rule i s a recursive procedure h which, when applied to 
a schema F, produces if anything a schema Q such that 
F*vQ. We are only interested in a -rules when is 
a reasonable and transitive relation, for then we can 
apply a sequence «f such rul*? and produce at each stage, 
a schema which ^ -related to the original scheme. 

The transformations given above arc all Simple z-rules, 
but we tan have very much more complicated rules such 
as the (possibly non-terrain a ting} construction of E (F) 
described in §3.3. A rule-book for v is a finite set 
of "v -rulesi and we will want to see to what extent a 
rule-book can serve to produce a 'simplest 1 schema 

--related to a given Schema. Firstly though we show 
how a 'direct f decision procedure and sicaplification 


algorithm can he obtained for a specie! class of schemata. 




§3. S OME- SIMPLE EQUIVALENCE PROBLEMS . 


E3.0 Harill has considered some of the problems 
of Siaplific&tion and storage minimization for schemata 
with input and output statements hut with, no- transfer 
instructions. We new give a complete decision procedure 
for ttie equivalence of schemata of a more general typE, 
schemata without loops „ and show that this can be extended 
to cover any schemata which always halt. We observe 
that, for such schemata, strong and weak equivalence, and 
hence all reasonable relations, are the sane, so the 
decision problem for any reasonable relation is Solvable. 
It will be evident that a 'canonical form 1 for schemata 
without loops can be obtained and we do not pursue this 
further► Hie SicClon ends with an unaeived problem 
presented by a certain Simpla achcma. 
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3.1 Lo&y - 1 rga stheina c ar 

A loop-f ree schema is one for which no sequence 
can contain the seae address twice. For these schemata* 
the equivalence problem is, in a sense, finite, and 
fairly easily solvable, so we will giv* Only a sketch 
of the E-olution together with an Illustrative example- 

Since all sequences through a loop-free schema F, 
are bounded by the size of P, there are only a finite 
number which go from the Initial instruction to the 
left-terminal address For any such sequence ir, we 

determine the finite sets 1L (n) and R <tt> , for all 

u U ■ 

test symbols T - Any tt then, corresponds to a conjunction 
of conditions, each of which may-be expressed in the formr 


W * E 

where E . is a string of symbols and c is 0 or 1. The 
condition (on the interpretation) that P. succeeds is 
a disjunction of such conjunctions, with one conjunction 
corresponding to each successful sequence. If we writ* 
just: 


and 


W f ° r W - 13 

- W for T u ( Ej l - 1 


then the disjunction, let us call it prop(F) f appears 
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as a sentence of the propositional calculus with the 


'T (E )’ as atomic formulae. 

« J 


Since ell the functions are independent „ any 
assignment of truth-values to the atomic formulae Is the 
assignment corresponding to some interpretation, and F 


succeeds under this interpretation If and only If the 


value of prop(P}j after substituting in these truth- 
values t is 1 true r , Given two such sentences, prop{P) 
and prop(Q)j 

prop(P) prop(Q) 


is a theorem of the propositional calculus, if and only 
if they Cake the same truth-value for all such assignments 
hence: 

Theorem 3 r 1 The equivalence problem for Loop-free 
schemata is solvable. 


For an example of the application of the solution 
described, we consider the schema , given belov, whoso 
flow-diagram is given in a self-explanatory form in fig, 1 



Schu^n 5 


V 

L 1 ! “ F < W 



l 3 ca 2 ) 



T *V A y a 2 

E 1 

T 

T(L^> 3.^ 

E 2 

y 

S lw F <W 



Td-^) a^ 

E 3 

A* 

4 +■ gcl 2 ) 



TU 2 ) a ?1 

E 2 

r 

S := FfL i’V 



T(L 3 ) a v a 6 

E 3 

y 

L 2 i- G(L 2 ) 


7‘ 

L 3 t- F(L r L 2 ) 



t[l 3 ) v Ej 

*3 


Tht sequences fifom a co e D are spetifl&d by; 

P 1 WW^O 

P 2 a i ,a 2 ’% * a ?' 6 0 



ko 


L,:s PlL.u) 
Li ■=■ &U0 



fla, 1. s.j 


fig. 2. S_ 
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Let E x = FL^ , B 2 * GL 2 > and E 3 - FTL^GLj, 

prop (5 g) is then (the notes to the right of the schema 
may bo of aasistance)i 

T^) T<E 3 > - T(E 2 ) " T(E 3 > 

M ^T(E l ) * T(E 2 ) * T(E 2 ) ‘ I{E ) 

V. T TCE r > A -jT(E 2 ) *^T«E 3 ) “ T(E 3 ) 

which simplifies to: 

T(E 2 ) ” T(E g ) 


S 2 is therefore equivalent to the schema $ given asi 


\ Fa r t 2 ) 


L 2 *“ C«V 


T(L ? > "+1» &1 

L i ™vV 


T( V V e l 


The flow-disuse of 5^ is shown in fig, 2 , 


S 3 ,2 Schemata which always converge r 


Let $3 be the class q£ schemata which converge 

■under all interpretations. We shall give on effective 

method of constructing* from any schema in C, a finite 

loop-free schema which is equivalent to it. This 

solves the equivalence problems fur £* since we solved 

the general problem for loop-free schemata in S3*l 

Any schema may be regarded as a directed grapb , 

its flow-diagram ., In a natural way. To each temputation 

instruction there corresponds a node of the flnw^diagram 

with OnC branch leaving it, and to each transfer 

instruction* a node with two branches leaving, Given 

any flow-diagram P* we define the lift of P , L{F), which 

19 a tree with a copy of the initial node of F as the 

root* and for every node H in F with successor(si tL 

u 1 

(and h' 2 ) , every copy of in L(P) has copies of H (and 

» 2 ) as Successor(e> in the Same way. Unless P is 

loop-free, UP] is infinite. We illustrate the construction 

of L(P) by an example* (figures i and 4 

below) f Part of the (infinite) lift of a schema S, is 

4 

shown and dotted Lines indicate where parts are omitted. 

In these figures, and in the remaining figures a f this 
section* we abbreviate: 







*3 



W* can 1 prunt f sway pares, of the tree L(P), 
replacing conditional transfers by unconditional transfers 
wherever certain btanches are inaccessible free the 
rout under any interpretation, leaving an equivalent 
flow-diagram* In fig, 4, Such branches are crossed by 
double Lines, as for instance the first time that 
location is rested, the value associated with it is 
one that has previously been tested in and found to 
have test-value 0, so that the crossed branch can never 
be selected, The sub-tTee of LtF) remaining when all 
Such excisions ar* nade, we call the execution tree of F 
a(F) * For the schema 5^ the execution tree happens to- 


be finite and is presented in fig, 5, 
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The construction of E(F) for a general schema F* 

Is described now in more detail. Given the lift of ?! 
we mark the initial node. The consLrtiction is then 
carried out in steps until* maybe, no further step is 
possible. At any step* we select soy unmarked node S, 
whose predecessor is marked* If N is a computation 
node or a terminal node, we immediately mark it and the 
step IS complete* If K Is, a test no do, we examine the 
(unicue* finite) path from the initial node CO N and 
determine what expression (of the free computation 
sequence) is- being tested at K + Wo further determine 
whether that expression has been calculated and tested 
by the same tost function at any previous node on that 
path, if noc, H is marked; if so p then by the constvttfern 
it will have been tested just once and ue can anticipate 
the result this time. We replace H by a marked ’empty 1 
node and delete the inaccessible succeeding node and 
its following sub-tree. The step is then complete* 

Suppose the construction does not terminate, then 
the execution tree contains infinitely many nodes which 
are accessible from the initial node* b^ say. One or 
other of the suctesaoTS of b^ p say b. , must also have an 
infinite number of nodes accessible fren it. Similarly 
some bj* a Successor of bj^, and some by a successor of 
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b , and so on, each have an infinite: number of nodes 
accessible from them. Therefore there is an infinite 
path b^jh^,b 0T h*+ T in the execution tree. (This 
fg an application of the veil-known Infinity Lemma of 
graph theory ,} By the construction,, any path in this 
tree is consistent and so 5 by the corollary to Theorem 
2,1* is an execution sequence of F, Therefore* if P 
belongs to C b the construction of E(F) must always 
terminate r In this co-S-e. there is an effective, finite, 
procedure which produes5 the execution tree corresponding 
to F, and it is then easy tP produce frera this* e schema 
in conventional form* by ignoring esspey nodes and 
introducing unconditional transfers where necessary. 

E(F) is equivalent to F and loop-free, and we have a 
decision procedure for the equivalence of Such Schemata, 
(Theorem 3.1}, Hencei 

Theorem 3.3 The equivalence problem for schemata 
which converge under all interpretations is solvable. 

He conclude this section by demonstrating that* 
even in apparently simple cases, it is net always a 
trivial matter to determine whether or not a given 
schema is in the class The following schema always 
converges, but has an execution sequence of length 147. 
(see fig, 6) 



4 
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The schema in fig* 7* seems- likely f nn general grounds 1 
t& be in G, tut execution sequences of lengths greater 
than ^00 have heen feun-d. I have been unable to settle 
this natter* which is left as an eaerciae for the reader* 


PART JU UHSOLVABLE PROBLEMS. 


Luckbam and Park [7] first proved the 
unsolvability of the equivalence prob1era for program 
schemata and pointed out that this precluded the pos a la¬ 
bility of there being any ’completely adequate' 
simplifying tr&nsforei&tAcr^ Their proof was rather less 
direct than that presented here and involved the use of 
cany locations„ R 4 Floyd {unpublished communication] also 
has recently produced an elegant 'indirect 1 proof of the 
above res ult, 

He prove somewhat stronger results about other 
reasonable relations and for schemata satisfying various 
conditions* Our unsolvability results are proved for 
schemata with only two locations and in Part 111 we shall 
see that this number is the best possible. 

In the next section we apparently digress to 
consider a variety of finite autoetete. 




1VCHTAFE ARP TV0-HEADED AUTOMATA 


&4. 

.Q Our unsolvability proofs for schemata depend on 
a c) ass of schemata which can he regarded a a 1 a inula ting. 1 
two-headed finite automata. {The reader will have 
already had a taste of this simulation in following 
the execution of the schemata given in S3.} Although 
we could precaed independently of such analogues, it 
seems more natural and gives US greater versatility 
of exposition to derive our main theorems, initially in 
this guise=. Besides* setae of our rasults take on an 
extra interest in their 1 machine r form. 

Rosenberg 114.1 has independently obtained 
several interesting results on multi-headed automata, 
including wh#t ia essentially our Theorem 4.2 + the 
questions considered by Elgot and Rutledge [3] are related 
but do not seem to be directly applicable in the context 
of schemata. 

In this section we establish the basic theorems 
on ths correspondence with Turing machines and prepare 
for the simitation of two-headed automata by program 
schemata. Theorem 4.4 could perhaps be endowed with 
some philosophical significance. 
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1 4,1 Two-tape automata 

Rabin and Scott In [13] investigated two-tape, 
one-way finite automata. Such a two-tape automaton M, 
is it finite automaton equipped with two scanning-heads 
each of which reads its own input tape* one symbol at a 
time, With each internal state of M (except the terminal 
State or states) is associated an integer specifying the 
tape fTom which this ne^t symbol is to be read, and a 
transition function giving, for each tape-symbol road, 
the next state of X to be entered. One state of H is 
designated as the initial state* The reader is referred 
to [13] for definitions given it) more detail. 

O^r treatment differs in that we dispense with 
special 1 end-markers 1 on the tapes and consider the 
behaviour of automata presented, with pairs of infinite 
tapes. 

F&t any autocaton H and terminal state _£* we 
define T (M) as the set of pairs of (finite) sequences 

3 

« 

of input symbols, which take M from the Initial State to 
the state Often the automaton M, will have just two 

terminal states, denoted by a and r, then, it is convenient 
to say that X accepts those pairs of tapes with initial 
segments in and tfcj&cts those with initial segments 

in T r (K), M will diverge on the set of those pairs 

of tapes for w’hieh M never enters a terminal state* 
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We shall present particular automata by specify¬ 
ing all er part of til* transition function Either in a 
table of Illustrated in a flow—diagram. in the latter 
the initial State is Indicated by an. arrow which does not 
originate at any of the nodes s and the number in parentheses 
at a node indicates which tape is to be read for the next 
syrabol. Fo r ex ample; 



£ig , 1, Fiow“diagram cf^ jy 
It may be v&rifl-ed that; 

- { < I C 0, l B ^ 1 Q >1 m>D } 

x r oy - { * i** 1 , i“o <i m o, i m o *, 


« 1 * 0 , > 


m 


>0 } 


'{ ( 1 , l > } 
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He now describe the construction of an Important 
class of two-eapt automata. 


Lemma 1, Given any Turing machine 1% there is a two-tape 
autcmatou M^, with terminal states a and x h such 
that, if c is a configuration of U, and c' is the 
succeeding conf iguration ( see 51) t 


< c, c- > E yiy 

if 

c is not terminal 

* c * c ’ ’ 1 w 

if 

c is terminal, 


and if the second sequence does not Start With t f T the 
pair is rejected. 


Proof, He outline the operation of Given a 

configuration under Head 1, it checks that the tape 
under Head 2 is identical, except for an extra 0 symbol 
at the left end of the (Turing machine) tape* until 
some state symbol of U is encountered on either tape. 

My then verifies that the difference between the con¬ 
figurations is compatible with the rules of U, and 
finally checks that the remainders of the configurations 
Ate Identical up until the final terminating symbol t, 
except again for an additional 0 on the second tape. The 
transition fable far is given in fig, 2, Where a 
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f2 Transition table for a 2-tape automaton to 
chock successive etmf lgurations of a Turing machine U. 


state 

head 

symbol 

EVE.V 

st a Le 

*Y “ 3 

2 

£ j 

[ -, 

-I 


% 

[fl r 

V 

r -i 

1 

"i 

[ Y 

-] 



*i 

[ V 

-J 



£ 

E n 

-3 

I*j ^ ± 3 

2 

a j 

r*>q 



l 

q i 

E**^ 

»%"] 

Eq t . -I 

1 


fq ± i 


[ Vj.-] 

2 

a j 


r* j ] 




tq i a 

rY 

Uq ± >q r xJ 

1 



-I 

1 

2 


[ 

-] 


2 

% 

1 '* 

-] 



a J 

E -p 

-]* 

l -3* 

1 


[ v 

-]* 



6 

E e * 

-3* 

Uj, -I* 

2 

"J 

l -* 

-1* 

[ -]* 

2 

a 0 

E t. 

01* 

E e* 03* 

2 

E 

a 


E -1 

1 

a 0 

E t. 

D] 

E 0] 

2 

if 

n 



if 

' 'i a j L "t 

1 is in U. 

if 

' «i a j * i r 

f is in U, 

if 

' *i a j \ 

' is in U + 

if 

'V]^’ 

is in U, i = r 

h’otes. 


i. 

The initial state Ls 


t* 0 . “] (where a^ '0> + 
2* Transitions n&fc given 
ire trans 11 f-OHS to r, 

3. The quantification J for 

all 1,j,r 1 is supposed 

for each entry here. 
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transition is not given, a transition to the terminal 
state r is to be assumed. The names □ £ the states are 
supposed to have mnemonic value t and the proof that 
has the required properties is by inspection, _ f 

1 4Two-headed automata . 

A twu-he ad edl Cone-tape) automaton is identical 
with a two-tape automaton except that the two scanning 
heads are regarded as reading independently the same 
input tape. Alternatively, we can tegard it as a 
two-tape automaton Which is always presented with 
Identical pairs of tapes. For any two-tape automaton M 
with terminal States a. and rrj. the corresponding 
two-headed automaton M f is said to accept (respectively 
reject , diverge on ) those tapes t such that: 

< t > e T a ® £ respectively T^(K). l^tH) } 

for some initial segments of t. 

Given a number of tvo-tape (similarly two-heed^d) 
automata ti^ , ■-i *, w® can construct a new automaton M, 
by replacing terminal states of the where they occur 









£7 


in transition tables! by either new terminal states or 
the initial states of sense ♦ The initial state ef 
one o£ the H ± is designated as the initial State of X. 
For example-* if t 





is the automated ef fig T 1,, then: 
















Thi3 automaton F, could of course, be simplified by 
talcing & -as the initial state and deleting the State a- 1 * 
F, regarded as a two “headed automaton, can only diverge 
On the t ap e s 

DlDllOllltUlllOlllllOllllllO. 

The behaviour of F on such a tape is that , whilst Head 1 
is scanning each sequence of l's, Head 2 ig scanning the 
succeeding sequence and, u-nleas this contains precisely 
one note 1, the state r is reached. 

Theorem 4.1 There is a two-headed automaton. F, which 
diverges on seme tape but rejects any ultimately periodic 
cape. 


A consideration of the modus operand! of F serves 
as an introduction to Lemma 2. Given any Turing machine 
13j, and initial configuration c {“ let C(l) , C(l), 
C(3}>■■ be the sequence of successive configurations. 


Lemma 2, 


There is a two-headed automaton ^ which 


accepts just those tapes with an initial segment of the 
form; 

C(Q) C(l) C<2> C(3) ,, + + C(n) C(rrtl) 


where C{n) is a terminal configuration of U (and the 
first in the sequence). If machine U does not terminate 





Si? 


whin started from con£Igurat i on c* then ^ cannot 
accept any tape hut diverges on the tape: 


C{C0 C(l) C<2> C(3) .. 


Otherwise }t^ ^ 


never diverges. 


_toor. It Is * simple matter to const runt, for any 
configuration t, an automaton which reads only freon 
head 2 f and accepts only the sequence c ? rejecting 
anything else. We denote this by; 



Vc combine this vitb the autOfnatOn M^. described above* 
to produce K, in the following way; 

j. 



a 
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Because of the operation of any tope which does not 
cumncnee with C(0) ifi rejected. Elead 1 then scans this 
C(0) while Head 2 reads the next part d£ the tape. The 
properties of Hy ensure that if this next part is not 
C(l)* the tape is rejected. After this stage, Head 1 
is at the start of C(l) and Head 2 is again ready to 
acan the neitt part of the tape, While Head 1 is scanning 
any configuration. Head 2 scans the subsequent part to 
check that it represents the succeeding configuration. 
These operations continue until a check fails or until 
a terminal, configuration is road by Head 1. _ / 


Therrem 4,2 For any Turing machine U, there is an 
effective construction of a two-headed automaton Ay 
with the following properties: 

(i) if U halts when started on a blank tape , 
there- is no tape On which Can diverge but it can 
accept some tape, 

(ii) If U diverges when started on a blank tape. 
Ay can diverge but cannot accept any tape, 

till) Ay cemvoc diverge on any ultimately 

periodic tape. 


P ro of. 


If c r = q^Oc, then A^ is the automaton ^ r 


whose construction is clearly effective from U, and 
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which, by Lftttiiua 2„ satisfies Cl) and (il) . Property (iii) 
is satisfied because A^ can only diverge on a tape which 
represents a sequence of successive Configuration*. 

On such tapes however,, the end-of-Configuration Symbol e» 
occurs only at steadily increasing intervals* and se no 
such tape can be ultimately periodic- J 

With the help of Theorem A h we immediately derives 
Theorem 4.3 For two-headed automata A* the properties* 

(i) A accepts no tape* [ T (A) = # } t 

■ 3 . 

(11) A diverges on some tape* [ T^(A) ^ @ 3i 
are not partially solvable, even when restricted to 
automata which converge on all ultimately periodic tapes. 

We remark that the negations of these predicates are both 
partially solvable. This is obvious for: 

T « * 9 

For the other, the method of proof ia very similar to 
that used for the corresponding result about program 
schemata. There is a procedure which generates t for 
any A, a tree whose nodes are states of A„ such that 
any sequence of states describing an initial portion of 
the behavior of A on sdz:b tape* corresponds to some 
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path in the tree starting, from the root* and vice versa* 
There are at most finitely many outgoing branches at 
each node , so that, if A never diverges and all the paths 
in this tree are finite, the infinity lemma assure? us 
that there are only a finite number of nodes in the tree > 
la thin case the generating procedure terminates, and 
so provides, in general, a partial decision procedure 
for the property: 

r 0 (A) - Jf. 

IA .3 ftecursive tapes * 

The next four lemmata prepare the way for an 
even stronger theorem, in which we replace Ultimately 
periodic 1, above by 1 recursive 1 . A tape is recursive if 
the sequence of symbols is given by a recursive function 
from the positive integers to Some finite alphabet ► 

let n denote a sequence of n l f S followed by a 0. 
Lemma 3 + There is a two-tape automaton N which, for 
Arbitrary » _> 0, when presented with a sequence: 
n n-j * * + 1 0 


under Head 1, will accept only the sequence: 






rnnkir Head 2 t rejecting all ethers. 


Proof» K Is illustrated. Arty transition not shown is to r. 

1 ' ' 
oc(i') —J— 

/ \ 

\ , , / 

fjfe t 4. N . 

_/ 

Let U be some fixed* universal Turing aaefrine,, 

(Theorem B,El). We denote by 1 C^q \ the initial 

configuration of U started on n, and by r G T „ the 

— urn 

Configuration resulting after a steps o-f the computation. 


Lemma fr , There is a two-tape automaton C Q , which, given 
the sequent* n under Head 1, tan accept either of the 
sequencesi 

or a c »c 1 1 

where- a,b art new symbols, and rejects any other. 
froof, The construction of ia easy* _/ 











I-^tULLd 3 L 


6<i 


There ts a two-tape automaton ^, which, given 
the sequence: 

aT ^^trary R ( m >_ 0, and 6 * 0 of 1 
under Head I, can accept the sequence: 

C n(m-1) 6 

under Head 2 , just when C is non-terminal, or when 

nm 

C represents a halt on the symbol & {■ 0,1), and 
rejects anything else. 


Proof * It is a simple matter to modify Che automaton M r]s 
of Lemma 1* so that the terminal stace 41 , corresponding 
to a terminal configuration t is replaced hy two states, 
a^ and a^ h which are reached according CO whether the 
configuration under Head 1 represents a halt on a 0 or 
a I respectively* If this new automaton is li^' h then 
M+ is given by: 



fl&'M 






fig. 5 . 













65 


Lennia £. if u is a universal Turing machine , as 
described in Tneorem B* there is no recursive function f. 


such that: 


C[U,n] = Q rzt>f(n) « 0 
and C[U,n] *= l f(n) » 1 
Proof. Suppose such an f is recursive, then, by ^leorem 
there is a machine M, and say M = the in the 
enumeration, such that: 

C[M m ,n] * 1 If f(n) = 0 
and C[^,n] = D if f(n) ¥ 0 


Tnen: 


fCm} « 0 ^ Cpym] * 1 

^ C[U,m ] = 1 

=$> f(m) “ 1 

and: f(m) f 0 CD^^Fj] ■ 0 

=y* C[U,m ] * 0 

=^f(m) = 0 

'fliese contradictions prove the leiraiB.. _/ 

This result is of course well-known, hut proved here for 
convenience. 

Consider now the two-headed automaton. K* whose flow—diagram 
is given below (with transitions to r suppressed). 




—> SLA 


a 
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fig. 6 „ Flow-rHagrani of R . 

R rejects any taps not or the farm:: 

»i° aC lO S l B 21 5. a c n .... 

which is more convenient iy display asi 
b 1 0 


a 

C 10 

*1 

b 

1 I 

0 












a 

c n 

*1 

a 

C 2Q 

^2 

b 

1 £ 

i 

£ 








a 

°12 

*1 

a 


6 2 

a 

C 30 

S 3 

b 

4 3 2 

1 

£ 





a 

C 13 

fi l 

a 

C 2£ 


a 

C 31 

4 3 

a 

C i)Q £ t| 

b 

£ i 

2 

2 

1 

£ 

a 


*1 

a 

C 23 

*2 

a 

C 3? 

{ 3 

a 

C 41 6 4 

a 


s 5 

b 

£ 

5 ♦ 


where ^ ■ 0 or i fflf i * 1,2,,*, 

Purtterniiare, Hj is designed to ensure that JL can only 
diverge on such a tape if the sequence: 
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is such that the function f, defined by* 

Hn) ■ a n for n = lj2,3».*. 

satisfies the conditions described in Ieirme 6 + Suppose that 
R diverges oh some tape defined by e recursive function;, g say. 

The sequence of fi 1 s is recursive in g, to be precise: 

ffn) - $ n = g( 2/3(n 3 +6n 2 h3n) > 

Therefore f is recursive * iJhich contradicts Lema 6. 

Hence: 

Theorem fl.4 There is a twc-neaded autcnaton R, which 
rejects any recursive tape., but can diverge on seme (non- 
recursive) tape. 

For any Turing machine ?1, we can modify 1 R so that tapes It 
does not reject have the form of the triangular representation above, 
except that at the beginnings of successive rows there appear 
the successive configurations corresponding to M started or. blank 
tape. This new automaton checks that the tape has this form, 
but accepts the tape- if a terminal configuration of M is ever 
reached> Again, it cannot diverge on Eny recursive tape, so 


we have: 



68 


Theorem ^.5 Fior an^ Turing, machine U s there is an 
effective ccnstructlcn of a twp-heaiied autceriatcn Jty s 
such that: 

[1} if U halts from a blank tape* there is no 
tape on which can diverge, but it can accept sons tape, 
(ii) if U diverts from blank tape, Hu cannot 
accept any tape, but can diverge* 

(Hi) Rjj cannot diverge on apy recursive tape. 


E^l.'l Translation to binary autareta . 

The theorems of this section have been proved 
for automata with lapge (but finite) alphabets, but it 
is incre convenient to set up a correspondence between 
program schemata and binary automata, that is automats 
over an alphabet {0,1}. 

ihecreir. b.6 Ibeorecis »4.1 to *1,5 are valid even if the 
automata ore restricted to being binary. 


Proof. Let us rewrite the alphabet, {a,b,E;,l,0,_), 

we haw been using as: 


£ = 




> 5 h } 
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and let p be the map fitm sequences, on $ to sequences 
pn which Is obtained by rep lacing j 

3 0 0 
5^ by 10 

s p by 110 


etc. 


Far any automaton A ever S, let p'(A) be the binary antqirziLon. 
obtained by introducing, for each state q, 

■j ^ 

the new states q,q.,... ,q , and by replacing each 

line of the table giving the transition function of A: 

next state 


state 


q 


Head 


s 0 & 1 *2 ‘ J ■ £ b 


n vs yi y* 

r [) 1 r 2 * * ■ r h 


sayby the new lines: 




next state 

State 

Head 

0 1 

<5 

i 

r 0 q 1 

q 1 

i 

r l q 

i 4 

q^ 1 

1 

■i + 

Vl qh 

q f ‘ 

1 

r h £ 


where we recall that r is the reject State, It is easy 
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to verify that the automaton A win accept t reject, 
or diverge on* any tape t, precisely ee the automaton 
p'(A) accepts, rejects, or diverges on, the tape p(t), 
respectively. Also, for any binary tape t 1 , not of the 
form p(t) for any t, 

(1) if sont p p (A) accepts t' p then it also 
accepts scarce tape p(t), 

(ii) nop 1 (A) diverges on t r , 

Jtr ary tape t over s, 

(1) t Is ultimately periodic if and only if 
■p(.t) is uitiniately periodic, 

(2) t Is recursive if and cnly if p(t) is 
recursive. 


lie can therefore ’translate r each of t he theorems in this section, / 



55- UW5SLVA=*lLlTjif OF FRtMg-K, OF PfiQGJtfll SSHEiVATA - 

* 5>_P rh f - first two lsimata show that the twcnheaded 
automata of the last section can be 1 simulated f by 
schemata* and provide an effective 'translation' procedure, 
life prove that recursive equivalence is properly 
weaker than Strong equivalence art) also that recursive 
interpretations are not characterised by their recursive 
execution sequences. Theorems 5*5 and 5.6 answer all 
the solvability questions of the kind we are considering, 
Finally we strengthen one of these results to show that * 
order certain very acceptable hypotheses, there can be 
no r adequate' rule-book of simplifying transformations. 
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5 5,1 Simulation and first results. 

We haws only to show that any two-headed hinaw 
autC 3 Tj£ton can be 'almlated" t in a suitable aer.ee * by 
seme program schema, to be able to apply the theorems 
of §4 + Suppose that our fomal language contains at 
least one test-syctaol T, and at least one function synt-ol. 
We cm assume, without loss of generality„ that there is, 
soene mmadlc function symbol F, since otherwise we could 
take my function symbol and use it as a monadic function 
by always using it with all of its arguments identical* 

Ve require that the language contains at least cwo 
location symbols* and L^- For any interpretation I, 
of the language* let? 

*0 = I(F)[ KL^] 

and x r)+l = 3 n ^ 0 

We define the tape of I , e Ts as the sequent*; 

. . . where z^ ■ I{T)[ ] for ml 

For any (infinite) binary tape 3, there is clearly an 


Interpretation I, such that s * e-. 





73 


Lgitrna 1. (i) A tape s, is ultimately periodic if and only 

if there is a finite interpretation I such that s “ e-p 

(ii) A tape s„ is recursive if and only if there 
is a recursive interpretation I, such that s = c 

frcof , ‘The sufficiency i$ iurnedlate in each case. As 
for the necessities, in (i), auppcce that: 

S ■ ■ ■ " 

and for sort hfp , k, and for all n>p* 
li+k+n * 6 h+n 


Let I be an interpretation over the domain of ncn-negative 
integers less than h+k such that : 


1(F) [ 10^) ] = 0 


1(F) [m] - ml if m * h+k-1 

= h if pi = h+k-1 

and I(T>M “ 3 for all m in the domain. 

Clearly s ■* o r For [ii},. suppose that s is defined by 
the recursive Function f, then s is the tape of an inter¬ 
pretation X, whose domain is the non-negative integers, for 
which: 

J(F)[l(L^)] = D and 1(F) [m] ■ ie+1 

X(T) [m] = f(nt). _/ 
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Given a two-headed binary automaton A* we show 
how to construct a program schema F(A), such that the 
behaviour of A started on any tape b 3 will be paralleled 
by the execution of F(A) under any interpretation 1* 
for which a ■ tj. At parallel stages in the operations 
of A and PC A)* as A reads the n th synfcol * n> of s with 
Jihad i> P('A> ccmputes the value x^, as defined shove^ 
assigns it to and applies to it the test function I[TJ ± 
thus obtaining the value <5^., In describing the: schema 
- (A) i we shall prefix certain of the Instructions with 
syirbols corresponding bo states of A, and 

then use these symbols as transfer addresses in instructions, 
Hie first instructions of P(A) ere: 

L z ;= F[Lj_) 

LjL -= FCL-,)' 

after the execution of which under I* each location 
bolds the value x Q . The next instruction of P(A) is 
that which is prefixed with the initial state of A, 

For each state q of which reads with Head i and has 
transitions to states q \ q 11 , according to whether the 
symbol read Is 0,1 respectively* we have the two 
instructions of F(A): 

a. ? = Ftl^) 

T{\) q\q 1f 
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The left.- and right-terminal addresses are a and r 
respectivelywhich are replaced by e f| and e- as usual. 
This concludes the description of F(A). 

To illustrate this cunatruction, suppose A f is 
the 5-state automaton shewn below, with initial state c^. 


> {0 


> r 



Ah tana ton A *. 


The schema ?(A') is the following: 


4 ni^) 
^ :* Ftt^ 


h 0 - := 

T(L X ) q p e 1 

V V ra i J 

T( V V 12 

q-. : = T(L ) 

T[I^) q QJ ^ 








Note: F(A r ) can only diverge under am interpretation 
whose tape is of the fonn: 

nimiOUiQiino mii Q inin n.,. + 

It succeeds under an Interpretation which breaks this 
sequence with an unexpected 0, an! fails under interpret¬ 
ations which give an extra 1. 

Lentina 2 . Fbr any binary two-headed autcunaton A, end 
bireu^ tape s » , A accepts* rejects, diverges on, s 

according as P(A) succeeds, fails, diverges under 
interpretation I. 

Proof. Imnediate, from the construction of F(A). _/ 

Using Letmiata 1 and 2 and Theorem S).E>, we can 
■translate 1 Theorems *U1 and ^.2 to obtain; 

Theorem 5.1 There are program schemata Z* amd Z P ' 
such that: 

F 

(I) 2 diverges under acne interpretation but 
fails under any finite interpretation. 

w, 

CXD 2 diverges 'under seme interpretation but 
fells under any recursive interpretation. 

With the aid of these results we can settle several 





questions which were mentioned in §2, We promised to 
Bhowi 

'Zbeorern 5-3 The sequence of relationsi 

*■ = ^ I J s 

is ore of strictly increasing strength. 

Definitions K Let: 

t goto e fJ ' 

1 goto e^ 1 

* a + goto a 1 
£q always succeeds, always fails, and D always diverts. 

Proof of Theorem 5.2 We note; 


(a) 

E 1 - D 

but 

E 1 

tc 

D 

(b) 

r 4-l 

III 

fxf 1 


but 

h 

* Z F 

(c) 

E i sr 

z* 

but- 

E i 

i 2 R _/ 


We can modify z R to produce a eounter-exarple to the 
tenetirg si^aposition that any recursive execution sequence 
through a schema is the sequence corresponding to son? 
recursive interpretation. In terms of automata, we remove 




denote the schema 


% 


ti !■ it 


ii ii ii 






the sequense of 5 r s freer, tbs- main tape, and put it 
instead on a second tape* lbs automaton still demands 
that this sequence predict on which syirfcolj if any t 
each Tiding machine lialtSj and so can only diverge if 
the second tape is non-racursive. However the automaton 
Is desigrved, $0 that it does not take account of a syinbol 
on tills tape until after the corresponding Turing machine 
has halted k In this way 3 the sequence of states when 
the automaton diverges remains recursive, In terms of 
schenataj we introduce two new locations TC^ and and 
it is the 'tape of I’ corresponding to the location Ed. 
which is the 6-sequence* 1^ is used as a Scanning head 1 * 
while M 1 stays constant. The instructions of concerned 
with heading the d-sequenoe 1 are deleted* and in their 
place 2 

(i) whenever r the syithoi b la read by Head l 1 
(in automata terms) the instruction; 

Hg :« FiWj) 

is executed* which corresponds to re-setting the scanning- 
head at the beginning of the tape , and. then the original 
course of instructions is resumed, 

fii) in similarly hybrid terns „ the schema/ 

t 

autemten KL. s whose defiring diagram was fig, b U 4.3 J 


is replaced by: 








> 


where 





translates to 1 l ^ 

T(I^) y. 



'Ulus, for any interpretation under which the new autun&tcn 
diverges, tire value of each s has no effect on the 

J r 


th 


execution sequence until the simulation of the n 


Turing ■machine computation has baited, and &o the 
[unique) divergent execution sequence is Just a r diagonal 1, 
simulation of U started on every n in turn, and 1$ 
clearly recursive. There are interpretations I, with 
this divergent execution sequence but since the tape of 
I CjQiresponding to location has to be non^recursive, 
by lemma 1 any such I is non-recurslve, 

Recalling the results of §2.3, we have: 

Theorem 53 

(I) Any finite interpretation gives rise to an 


ultimately periodic execution sequence, but there are 
ultimately periodic execution sequences which do not 








correspond to any finite Interpretation. 

(II) Any recursive interpretation gives rise to 
a. recursive execution sequence* but tine re are recursive 
execution sequences which do not correspond to any 
recursive interpretation. 

fi.2 Decision probl&Ba for equivalences. 

'iheoreirE 4*2 and 4.5 translated into program 
schemata terms* yield: 

Theorem 5+4 There is an effective construction which 
produces* for any Turing machine U* program schemata 

p 

Pjl and Py with the properties: 

(i) If U halts from a blank initial tape* there 
is no in.terpreta.tion under which either I' L| or ? L ~ can 
diverge, but each can succeed under some interpretation. 

(ii) If tr diverges Tran a blank tape* neither can 
succeed under any interpretation, tut each can diverge 
under some interpretation. 

T» 

(iii) F-. converges under all recursive interpret¬ 
ations, but* in case {11} above, F.. can diverge 'under a 
recursive interpretation. 




We shall use the syntcls F 3 Q as variables to 
range over the class of program schemta, In a mild 
abuse of languaei-* we shall write t for example: 

' F Q is partially solvable * 

to means 

r There is a recursive procedure whlchj for all 
pairs of schemata F»Q* when applied to F and Q„ 
tenuLnates if and only if ? £ *’ 

We write* for example: 

f F Cf'i Q T 

as an abbreviation for: 

1 ? for all relations ^ , satisfying* 

(1) =r v 

(li) * ^ * * 

fhus O stands far all reasonable relations. 

lernria 3 * (1) P Xf Q Is partially solvable* 

(11) P / Q is partially solvable* 

Proof * For any finite interpretation I f and schema 
since each location can only take on a finite number cf 





different values, the computation sequence A^n ^ 
must either terminate or repeat Itself* So it is 
determinable in a finite number of operations whether 
ybKFj) is 0^1 cr undefined* Vte showed in §2,1 that 
= is the same as ^f. "The set of finite interpretations 
is effectively enumerable, and the partial procedure 
for both and >f consists in investigating the 
values of F^ and for each I in turn, terminating, 
only when a suitable disparity is found* / 

Lemma i| . (i) F » D i3 true for all P, 

(ii) P D is partially solvable* 

Proof of (ii) * If P / D , then P c-onverBes under 
some Interpretation, and therefore alsn under some 
finite lnterprEtetion* The result follows from 
Lemma 3 - / 

Lemma 5 + T C^.} I> is not- partially solvable* 

Proof . Let P^ 1 be the schema P^-Of Theorem 5.^ 
modified by introducing a 'dynamic stop' : 

goto e, 

at the old rigbi -z ermimi address > so that a failure of 






S3 


? TJ is a divergence of Fy'. Tnen Py 1 = p if and only 
if U diverts f'rw, a blank v§£>£- The lemma follows 
frcm Theorem A, and the proof of Lemma 4 k _/ 

Uinj&L 6 . (i) P ±Ey is partially solvable. 

{ii) F {_ J Ey is not partially solvable 
{even when restricted to schemata which 
converge under ai^ recursive interpretations*) 

Proof. (1] We stmwed in that the equivalence 

- " a’ 

problem for schemata which converge under all 
Interpretations is solvable j and if P = L- , it is 
certainly such a schema 5 so we already have an 
appropriate partial procedure . 

(,i±) If U halts ft ™ a blank tap*, Fy 1 * / E 1 * 

If U diverges from a blank tape, ir E,, The 
result follows from Theorem A. / 

Lernrra 7 - F } Ey is rat partially solvable, 

Proof , let P tj h be the schema Py* modified by inserting 
an 'unconditional transfer' to e^t 


e f y goto e 1 






as a new instruction, with prefix the old left-terminal 
address of P^,, l.e. by 'counting success as failure 
Then: 

(i) If U halts from a blank tape, Fy M = * 

fii) if IF diverges from a blank tape, F^ 11 &• , 

sine# P r rl can diverge under scene recursive interpretation, 
u 

Theorem A again gives the result- _/ 

Although the last two laima t a show that, for 
any reasonable relation * a If It 13 stronger than or 
weaker than recursive equivalence, P v E, is recursively 
unsclvsible^ there remains tc prove; 

Le creel fl . F O Is recursively unsolvable, even when 

restricted, to schemata which converge under all recursive 
interpretations, 

Proof , (due to D. M. Park) Let U be a universal Turing 
machine. Using the techniques of t.Ms section and 
we can construct fur each m, a schema P m which converges 
under every recursive Interpretation and 

(1) if C[U,in] “ 0 , P m can succeed, 

(ii) if cfijjirS ^ 1 , always fails. 

Suppose there is a reasonable relation v , guch that 
1 F v * is solvable, then there is a recursive function 
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f such that; 


and; 


c[u^ ■ 0 


- 1 


1 P can succeed 
m 


-?> V*L 

*m**l 
f(m) = D 


F m EE l 
^ f {*} = \ 


Tills centradlcts harm 6, 5^,3._/ 


Ijei:m 9. F * 1 {7} Q Is not partially solvable, even If 

PjQ are restricted to schemata which converge under 
ell recursive interpretat Ions - 

T ,, l l Y* 

Proof , let be the schema obtained from by 
^quoting success as failure 1 Just as in the proof of 
lisrare, ?, Then: 

Jrt vi^ 

(I) if U baits frcn a blank tape, F^ f Fy" * 
(il) if D diverges, 

and both these schemata oonwer®e under all recursive 
interpretations. _/ 




This result differs sharply freon the main result 
•of §3+2 j Where we showed that an^ reasonable relation 
has a solvable decision problem when restrloted to 
eohev&ta which converge under all interpretations. 

We sumnarlze the results of this section, [abbreviating 
’partially solvable f to “p.s. 1 }. 


'Itiecren 5-5 


(A) 

p 

D is not p.s. \ 

F 

D is p.s*; 


p 

a D is tree; 

F 

y D is false. 

CB> 

F 

= is p.S.; 

P 

^ '*' s nc ^ : P- 3 



i r . * 

P 

At is p+S.; 


? 

t *} E, is not p,s.; 




- J. 

P 

/ is p.s. 

CB’5 


F { = }* E 2 

is recursively unsolvable 

[or 

course the same results hold with E,-. in place of E^.J 

(C) 

P 

= i# 

{_> Q is not p. a.; 

P 

> Q is not p.s.; 


F ?f Q isp.s.; 
F / 3 is p,5< 


An asterisk signifies that the- result is true even if 
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the relations are restricted to schemata which converge 
under all recursive interpretations,. 


Related questions are settled by; 
Theorem 5 >6 


(A) Car P diverge under any 

{±> interpretation t 
(ii) recursive interpretation,, 
[ill) finite interpretation ? 

{El Does P converge inder ever 1 / 

[1} interpretation t 
(ii) recursive interpretation* 
(ill) finite interpretation? 


(A) (i) is not- p*&< 
(ii) la not p,3, 
(ill) is p*&* 


(E) (1) As p + s* 

(ii) As not p + s> 
(ill) is not P + S> 


Proof . The results- for (A) (i) and (ii) cone frtcn the 
proof of Lenma 7, end (lii) holds because there Is an 
effective method of determining if a given schema 
diverges under a given finite interpretation„ and 
because the set of finite interpretations is countable. 

Toe result for (B) (1) follows at once frcr. 
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there being an effective procedure which produces * 

fran any alway ^convergent sciiema, an equivalent schema 

without loops. As for and (iii), consider the 

r l? 

schema Fy , which is with a 1 dynamic stop-' inserted 
at- the old left-terminal address * so: 

V s° to e D 

If Q diverges from a blank tape* F. r rr cannot diverge 
under any recursive Interpretation* hut if U halts* 
then there is a finite interpretation, under which the 
simulation of U terminates and P^ r diverges in the 
1 dynamic stcph. / 


J5_+ 3 *Adequate' rule-books + 

To prepare for our chief result on 'rule-hocks 1 
for simplification, we must prove a result as broad as 
that of tesqna 9* for the case when Q i& some particularly 
simple, fixed, schem, % say* Hone of E Q * or D is 
a possible choice for 2* Of course if we are demanding 
that Z be simple* we cannot hope to prove; 

? O* Z .... a) 



39 

(I.e. with the asterisk) to be not partially solvable* 
because if £ does not converge under all recursive 
interpretations then (X) is always false, am if Z does 
then it must surely alleys converse and (X) is partially 
solvable. 

Let Z be the following schema' 

a* 1^ : = F(Ll^) 

T(L^) a 

which* for any I* fails unless the tape of I consists 
entirely of l's. For- any Turing machin e 1J, ws can 
construct a schema Z y which starts: 

L 2 FCL 1 ) 

\ := FCL^ 

HL ? ) e p -+1 

&. h 2 := F(L 2 ) 

T{L ? ) >1, a 


and succeeds pn&cisely under those interpretations with 

a tape -of the form: 


n C(0) n-1 C{1} n-2_n-r C(r) fcr seme n > 0 






on. a blank tape, C[r-1) is terminal and rhn if the 
computation of U lias nut halted after 0-1) steps the 
schema fails + The cnly interpretations for which 
can diverge are tticse with: 



which corresponds to n = ■= above. Provided n is finite, 
& p time-liiiit 1 will have been set and Z- ri must converge 
at least by the time this is exceeded. If U halts 
from a blank tape* then there is an interpretation 
which provides a sufficiently large ’ tint-limit T n, for 
Sy to succeed, but for which 2 still fails* so: 

Alternatively, if U does not bait: 

v =7 

since any finite Hime-limit 1 ' will be exceeded. Thus we 
haw proved: 

Theorem 5.7 There is a very simple 2 - instruction 
schema 2, such that* for ary "reasonable relation v } 


P ^ Z is not partially solvable. 




In §£■*) we discussed 1 rule -bucks * for transitive 


reasonable relations * as the possible basis of a practical 
.■simplification algorithm, let ^ by some fixed transitive 
reasonable relation, 

DgfittLtion . A nj3e-bnok ft for ^ is adequate (with 
respect to seme concept of 1 simplicity '), if* for all P* 
if P ■v Q and Q is ’simpler 1 than P, than Q is derivable 
from P by a sequence of rules of ISl 

{ H}: Hypothesis (about 1 simplicity" and. ", ). 

If z is the ^-instruction schema described above, 
then F % Z Is partially solvable for all F which are at 
least as "simple 1 as Z. 

Under this hypothesis;, which is trivially true If, say, 
only finitely irany schemata are at least es 1 simple 1, as 
2 , we have; 

Theorem 5<S There is no adequate rule-book for v _ 

Proof, Suppose Hi is an adequate rulfi-bobk for ^ , then, 
for any F, If Z is simpler than P, Z Is derivable from 
? by rules of 3 and so F -v Z is established by a 
partial procedure which merely enumerates sequences of 
such rules, and if 2 is not simpler, F ■v 2 is established 
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by the partial procedure of the hypothesis. (H). Tills 
contradicts Theorem 5.7 and the theorem follows, _/ 


Ve describe briefly how we can obtain a similar 
nsglilt to Theorem 5*7 with P restricted to schemata 
which converge under all finite (or recursive) Inter¬ 
pretations. We resell tlie scbeira Z“ of 'Theorem 5-1, 
which could only diverge for an interpretation with a 
tape of the fomi 


iiiiiii »■ 

Ef 

By using T in place of Z as the initial portion of Z^, 

F 

we obtain a schema Z^ with the following, properties s 

v 

(i) Sy converges under all finite intarpretaticn, 
(ii) if U diverges, = S F , 

(ill) if U halts, Z :J F can succeed under an 
interpretation whose tape starts: 


0 15... n C(D) n-1 C(l) _n-r C(r) 

for some n>r>0* and terminal C(r-l), so: 


zj / z F 


A similar construction produces Z^fram If and H. Thus 


we have: 





Jp p 

Thfeoreir. 5*9 There are schemata T > Z t such that , for 
ail reasonable relations ** > 

F ^ { F -v respectively) 

is not partially solvable, even IF F is restricted to 
schemata, which converge under all Finite (respectively 
recursive) interpretations + 

There is a /-instruction schema which may be 
F 

taken as Z } so the hypothesis corresponding to (K) is, 
in this case, still very acceptable, but in the case of 
Z l \ the restriction seerE rather stronger* OF course, 
under these hypotheses, we obtain results corresponding 
to Theorem 5 . 8 . 

Just ore more Feature of a construction in this 
section is worth pointing out. We define 6 trivial loop 
as one with no exits, e.g.: 

a. goto a 

and a unitary loop m one with Just cne ezit, e.g. ; 

a. L ;-F(L) 

T(L) a, b 

In s3 + £ we found a decision procedure for schemata 
fcfaich always converge, and we could extend this to 
schemata which either converge or enter a trivial loop. 





We Tight expect that in ary class of schemata with 
un&olvable ■decision problems, scene schemata should 
diverge in caiplicated ways, however even for the class 
of schemata which converge or else diverge in some 
specified unitary loop,, the equivalence problem is 
unsolvsble. Furtheroore the unitary leap may he of 
the very clippie form of the example in the definition. 
We merely remark that the schemata of this section 
have this property, (This result can he strengthened 
slight ly to show the unsolvability for schemata which 
diverge in £uch & unitary loop or fall .) 


PARI' III, SOLVABLE PfCElEfg 


Since we are motivated by the desire to use 
program schemata as- a tool in the simplification and 
♦proving 1 of computer programs, the insults of the last 
section can only be regarded as negative + The remainder 
of this dissertation is devoted to the tore positive 
results we hove obtained, which hold cut some hope of 
providing a oasis for practical techniques. From now 
on we restrict ourselves to the decision problem for 
{strong) equivalence. In seme cases the corresponding 
results for other relations are readily obtained, but 
in others there are further difficulties, Me describe 
results obtained in two main directions, 

A characteristic feature of the schemata with 
urisolvable decision problems, that we have been consider¬ 
ing, is that most expressions which sre calculated are 
recalculated later on In an execution sequence, a feature 
which would be unusual and undesirable in an actual 
ccsnputer program. We shall investigate various restrictions 
which can be imposed on schemata to inhibit this repetitive 
behaviour. Firstly though, we shall examine schemata whose 
flow-diagrams have a particularly simple structure. 
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A typical fona for the ’simulation 1 schar^ta we 
have been using la the following: 



where vie neglect transfers to terminal addresses* and 
where K T checks an initial ccrifigurat ion * and Y ’checks 
that each configuration follows from the previous one 1 * 
Fijs^bemiore * by simulating a universal Timing maclrlne 
we csn obtain a class of schemata with unaolvahle decision 
problems by keeping Y fixed and varying X, We observe 
that X is always loop-free* so we do not require arbitrarily 
complicated loop-structures in an un&olvable class cf 
schfimata, Hester, taking the structure of Y into 
account* the typical flow-diagram can te put in the form: 



























and we see that the loops In the schemata are ‘nested 1 
to a considerable degree. Hm schemata we investigate 
in the next section are those with no ‘nested’ loops* 

So far only a decision procedure for such schemata with 
only nonadit function syirbolSj has been found, I 
conjecture that there is also one for the general case, 
but there are obstacles to extending the present 
procedure„ 


SGKEMftg/t V.TTH NCUJ-BTIERSECTTtre LCOPf. AXD 


§ 6 * 

IQJADIC FUIIST10r-l SJKEaLS, 

) $.Q We express the execution of a finite sequence 
of computation instructions as the multiplying of the 
vector giving the values, of the locations by a certain 
matrix* and show that any path, whether finite or 
infinite i in a schema with non-lntErsecting loops can 
be corpletely specified by a vector of integers with a 
bounded number of components. The value of a location 
after the execution of such a path proves to he 
Expressible by a ’linear word function* and a formula 
of the additive theory of the natural numbers with the 
ecarpcnents of the path-vector as free variables. Hence 
we find a formula which expresses the equivalence of 
two given schemata* and as the truth of formulae of this 
theory is decidable the equivalence problem is 


recursively solvable. 
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l6*i r-rellmlnarles. 


We define s as the class of schemata satisfying 
the restrictions: 

{1} No conpitation instruction is in more than 
one loop. 

(II) The programming language contains only 

Djnctlon syntoolg. which take one argument. 

>,i& shall assume that there is Just a single teat syuiool T, 
but, in distinction from the above two condition^, this 
assun^tion involves no real loss of generality. For 
suppose we had the test function T 1 * then we tierely 
introduce the new location 1/ and new function syttooi F 1 , 
and replace each: 


by; 


T’W b, c 


V ;= F(L) 
T(L’) b 4 c 


llils is an equivalence-preserving. transformation and 
one which also preserves conditions (I) and (H) above* 

Let P be a schema in % We can a^gurne that- there 
1$ some corp-utaticn instruction in each, loop-, because 
there are obvious ways of producing a schema equivalent 
to P and having this property if P does not have it,. 
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grid we select cne such as a base-point in each loop, 
let their addresses be b^b^.,, ,b , which are distinct 
by condition £I) + 

A path is a sequence through a schema which does not 
necessarily start- at the initial address nor reach a 
terminal address, 

iennia 1 . If there is a path from b ± to ) then 

there is not also a path from b t to b^ 

Proof . Obvious from condition Cl), ' '_/ 

Por any finite path p in P f we define, for each 
i = lj — ,qj the i*'*' 1 1 nop- coefficient , y^, to be one 
less than the nuntier of occurrences of in p if 
positive j and sere otherwise * l assures us that the 

occurrences of different base-points do not interlace 
each other + We now obtain the reduced path, p T , by 
cutting out, for each positive loot-coefficient, that 
part of p which follows the corresponding base-point 
up to and including its final occurrence. The reduced 
path cannot contain ary loops mere than once, and so 
the number of possible reduced paths in any schema is 
finite. Let us call them p^,... s p for P + An^ finite 
path path p, in F can be specified corpietely by the 
reduced path p 1 *= say, ard the loop-coefficients 







Suppose the function swJbols F-, j ... P and 

-l p 

location symbols L^,... *L m are in Our language. Let 
Z be the free semigroup with generators F'^1=1 p [ .p* 
end Lj, j=l*.. 5 ra and zero and identity elements [D,. 1) 
adjoined in the natural way. We use concatenation to 
denote the semigroup operation. 

Definitions . An (gift-) transfora: is an (m x m)-matrix 
over Z with exactly One non-zero element in each row. 
Multiplication of transforms is denoted by concatenation 
and is defined, by? 

where t is the ■unique integer 
such that A^ ¥ 0 

Multiplication is associative and the product of two 
transforms is a transform. It is convenient to 
abbreviate the instruction: 


by: 


^ i- VLj) 


ijk 



), 



is 


tie transform corresponding to the instruction 
defined as A where: 



A = 1 if r * i 
rr 

■ {> otherwise, 
rs 
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112S Wje fo ™ : 


{ 

i 1 


0 

0 


,th 


1^ i 0 D , + . 


1 

0 


0 

0 

0 


0 ♦, 
1 ' 
1 


V- » 


0 

Q 

0 


J 


A segment is a sequence of computation instructions* 
We tic fine Ml °) » the transform corresponding to the 
segment a , infliictliwly as follows r 


MO) = i, the identity matrix > if - is null* 

= if = consists of & followed 


by th instruction T 


m m 


Lema 2 . If the colon vectors X « fx. *... ) and 

Y = £y^ * * * * ^y^) denote the values of the locations 
L l *' " ^ ^ fl f ree onuputation sequence * respectively 
before and after the execution of the se^nent ", then: 

Y_= M(*)X 

Proof . By inspection j and induction on the length of ■=. _/ 


A ward function is a function with integers as arguments 
whose values are elements of Z. 







A linear word function ( lwf ) is a word function of the 


fcmu 

nu TT.J m, 

^ U 2 ^ , . . \ X 

where c Z for i=l, t **k* and is a nen-negative 
integer f 


m. 


u = ^ 


times 


if > Oj 


- 1 if = 0 


56.2 r-representations. 

Let ft 3 be the first order theory of the natural 
numbers (non-negative integers) with addition as the 
only operation, Hilbert and Bernays £[5]* vol.lj pp- 359-366) 
have given a decision procedure for the truth of formulae 
In this theory. (Fres burger lid] proved the elementary 
theco^ of the integers to be decidable sene what earlier+) 

We shall call a formula of 2? a Fresburger formula or 
F-fcrmla . A F-formila ^{t^, + P jt^in. j.. *n ), with the 
free variables as indicated^ will be called a F-function 
if, for all natural numbers there exist unique 

natural nj.iB*rs sush that *<t lJ * + ,t r ;n 1 ». ■ *n s ) 

Is true-, ihls condition can be succintly expressed asr 









[n)(E!t}£ *Ct;n) J 


10 ^ 


where the quantifier 1 E! 1 * which states unique existence, 
is. readily definable in terms of the equality relation 
and the standard existential quantifier. We shall 
often find it convenient to express roetatheoretacsQ 
statements in the fomslisu; of the predicate calculus, 

A word function G(n-,. ,n n ) is P^reprgsentable if there 
is a lwf Wj and a P-function 4.» such thats 


^Ct_;rt> z=p- G(n) = W(t) j 

Lenrna. 3 , If 0-^ (in^i 3 G 2 {n) are P-representable then so 
are: 

(i) ^(m,n) = 

(ii) = 0 (m) if j(rj 

= O^Cn) if (r) 

where 6 is a F-fonrula 

Proof. Suppose 1 

ts,m)£ —> G^m) = l^ts) J 

and Ct,n)[ * £ Ct;n) G^n) = ^t) J 

(i) ■Ms;™} A ^(tjn) , z=£>. 

G^frijn) - W 1 (s)W ? (t) J 
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til) (s ± t ,™ } n,r)[ 4(r) a ^(s^o)a t=0 .V. 

■*o(r) A s=G :=j?: 
Gy(ni.n.r} ~ W^sJU^t) j 


__/ 

Lama ^ ■ If A i& en (m-) transform, there exist b„k > 0 
with h+k k _ nT, such that: 

A k - A"D where p is a diagonal matrix. 


Proof . We can find B^‘, where B is a transform with, 
elements either 0 or 1, and D 1 is a diiagonal matrix, 
such that: 


A - D^B 

SirAlariy there is a diagonal matrix D. : , such that: 
3D 1 ■ D 5 B 

and we define Vi for each n ^ 1* by equations; 


ED ■ D X1 B 
n n+1 


and denote D 7 D,,... „D by D' , For each r, eT is a 


transform with only I's as its non-zero elements. There 
are at uost jn™ such transforms, &o not all of I^E^r,.. s F -; 1 
are distinct. So B^ +k = B * 1 say, for h s k with 
h+k < nT. Tbenr 


k h+k = <P 1 SJ ta+k 

- (D 1 B) h {E 1 B) k 




/ 


But is a diagonal matrix- 

Let be a segment, and let G a ^{n) be the word- 
function whose value for each n is the expression 
associated with L^ after n iterations of a, starting 
from the initial expressions L “ I].,,- 

Lemma 5* G j(nl is P-r^presentable * 

—jjj i 


Proof* By Lemma A, there is a diagonal matrix 



(M(a) = {M (a)) h Z) for some h,Tc with h+Tt ^ m m * 

Therefore we can find words in Z, say , 

and integers ^ ± 0# .. .1^ of the set 



my so that: 






if n = k.r + h for some r > 0 


wj-d^L^ if n = k + r + h + 1 
1 1 



if n - k.r + h + (k-1) 


For fisted k t h^ 3 , we express 1 n = k.r ■+ h + s for some r > 0 
a.s t 

(ErjTn » r+r+*...+r + h * s"j 
-Ht timee-pr J 

which is a P-formula. Using LenuRa 3(ii) repeatedly, we can 
construct a P-function and a lwf which p-represent G .(n) t 

a, 1 

Given P-representations of G . for end of 

a * J 

We P roduce a ^-representation for the word-function 
G . (r,£) of two arguments, which gives the value of 

c ti3 ji 

after the sequence 1 a r 0 s by 'substituting' the lwf's of 
G 4f j for the appropriate Lj's in the lwf of 
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For a particular location L* and reduced path p u in a 
schema Q t the word- function ^ (vj_ r , . . f t^} , which 
gives the value of location Ly after the execution of 
the path p ( with reduced path p^ and loap-cooeiicieuts 

y ± .i* such a p exists (and has the value 0 

otherwise), is P-representable. This result is readily 
obtainable from Lemmata 3 and 5, and the last remark;. 

Now let h - (u,i, t ) toe a (q+2)-vector, 

which is intended to specify both a path in Q and a 
location L^ + we define the word-function 

Q (b.) = i^p'-v^) if this is defined, 

— 0 otherwise. 

Obviously 0 is P-representable too. 

We shall be interested in both finite and infinite 
paths through schemata, in schemata of the class S„ any 
infinite path must ultimately remain in a single loop. 

We represent such a path by its finite initial segment 
which terminates at the first occurrence of the correspond- 
ing base-point. We adapt the convention that the loop- 
coefficient for this ultimate loop shall be 0. For any 
schema Q, let: 


(±) fin D Q (h) 

(il) fin 

(iii) in£ Q (h> 


Civ} 


sub^ (k, hi) 


(v) T 0 Q Ck,h) 


be the condition that _h represents a 

path in Q from the initial address to 

the terminal address e , 

0 

be the corresponding condition with e^, 
he the condition that h represents an 
infinite sequence from the initial node 
of Q, under the convention given above, 
be the condition that It represents a 
path in Q which is an initial segment of 
the path represented by h, 
be the condition that sub^ (It,hi) and that 
the path k is finite and leads to a 
transfer instruction at which the location 
corresponding to k is tested, and which 
requires that the teet’-function takes the 
value 0 in order that the path h he 


continued, and 

(vi} Tj_^{k Hi h) he the corresponding condition with 1 in 

place of 0, 


We notice that ' f ifig® (Jh> 1 , 'fin^fh.) 1 , and 

"inf^ (h)' just take the value 'true' for a certain 
finite range of values Of U (=hj^) under some corresponding 
conditions on the loop-coefficients. 'sub ® 1 


re a 
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straightforward predicate involving only a finite 
number af possibilities for h^ and k^, some equalities 
and one inequality between some loop-coefficientg. 

'Tq® 1 and T]^ 1, involve "gub^ 1 , but are otherwise just 
enumerations of a finite number o£ possibilities. 1 
claim that 'fin^' , 'fin^' , 'aub^' , '^q^' and 'T ’® p 

are predicates definable in P, and there is an effective 
construction of thorn from a given schema Q* Detailed 
proofs of these claims would, however r be cumbersome, 
tedious to read and, surely, superfluous* 

We now require a method of constructing a 
p-formula from two given Iwf's, specifying the precise 
conditions on their arguments, that they take the same 
value, This is given by Theorem 6.1 below* First we 
need to prove: 

Lemma 6 . Let U,V be words in Z, and u ■= length{U) ? 
v ■ length(VK Suppose that v^u and n is an integer 
such that n >(v/u)+i + If: 

k wy for some words X, Y 

then there is a word W and integers r,s (Ji lj such that: 

U - W r and V = Vf s * 



Ill 


proof. As suming that tj r v for any r r we cart suppose 
that i 

l* 

U ■ v for some r > £>, and some t < u, 

where U = s^e^'.- 2 !, the z's are generators. 

From the hypothesis, we have: 

Z t+l Z t+2' 1 +E u z l- - - a t = z l z 2' rZ uL' 

SOI 

E i = E [i+t] a [i+2t] = -" z [i+mt] foF a11 

ai > 0, where [ j ] s3 (mo<3 u,} and 0 < fjl ^ u, for i ^ u + 

Let h » hcf tu,v) ■= hcf (UftJ-j them 


z. = i, , 
r r+mh 


for 1 < i < h and m - 0,1,(u/h) - 1. 


Hierafore if W denotes ( z^z^* •*z^' 


U ^ w 1 and V " W 9 where rh * u and ah ■ v 


/ 


$6^3 Decision procedure 

Theorem 6 + 1 If H and K are lwf 1 g, there is a P-formula 
^H X K J wilich i£ effectively obtainable from H and X, 
such that: 

for all _h,k.r H{Jb) - K (k.) if and only if 
K (h f k) is true. 
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Proof x 


Let H(h) = U^ 1 U l 2 12 ujn P K{k} = V*1 u|2 v kn p 


The result is trivial if tn-0 or n=0. Suppose that the 
result holds for all pairs with m+n < t, where t ^ 1. 
we show that we can construct a, p-formula „ far the 


H, K 


case when m+rs = t„ then the result follows by induction. 

We write 'U < V' for words U P V when U 
properly divides V on the left, i.e, when uw ■= V for 
some non-null W. 

casg„(il U! = V X 


^ equivalent to; 



vj n ^ k, - k+h 
n 1 


. V * 


■] 


and the induction is complete. 


case fill! U 1 ^ v x and V-, -f U T and u n yMf 


^(h^Tc) is equivalent to: 



. V 



Cage (in’) Ui < and similarly for < u 


Applying Lemma 6, we see that there are two 
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alternatives: 

either (a) U “ W r ,. = W s for some word W and 

integers r r 3; when <*> _ (h, JO is equivalent to: 

K 

CBijjw 1 ^ 2 u^ 1 *= v^ 2 .v^ n /s 1 + a.^ - r,h L j . v 

(Ej)^u^ 2 ♦ *. ■ wiv^ 2 ... v^ n 4 r.h L = g.kjJ 

where 'r^h^' denotes ''h^ + h-^ + * * . * + h^ 1 f 

— r times- 


gr {b) there is no such W, and n^ c r+1 or < 2 

where r - f length^jv^ 
l_ length (Ujl) 

written as the disjunction o£ the r+4 possibilities 


in this case, * 


H,K 


can be 


corresponding to h^ = 0,1,,1+1, or k^ - 0,1. In 
each, of these the initial factor of either H or K can 
be replaced by a fissed word, so we require a P-formula 
to represent an equality of the form: 


WU 


h2 


. U^m 3= v. 1 ,, . V^* 1 ox similarly with w on 
m f n 


the right hand side* Let r ■ T 1 1 then 

[_ length 

distinguish two further subcases: 


we 


(b^) if W / V^ 4i , then k^= 0,1,..or r« 


Each of these possibilities gives rise to an equation 


of the form: 
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wi£ a ^ - - u hni = W ' V* 2 * * . 

* ffll < n 

and then either v? - WW" and the equation is 
representable by: 

[ w" h u^ 2 . , ♦ ujjm = v* 2 _ v*n/\ h ^ ij 

or else W f W end the equation is always false 
{and so representable by '0=1% say}, in either 
case the induction is complete. 

(fe^) l£ WV = V 1 r+1 and ■ XY for some X and Y, 

then we have the possibilities of (fc ) or else 

_L 

■^1 ^ t+l. The latter case reduces to the aquation: 

tfj 2 *« * = * * - vj ^ 1 where lc+r+i = 

We now repeat the whole process on this equation, 
taken in the form: 

< 2 -■ > - IVX,^ ... vj» . 

If cases {i ), (ii) or (iii)(a) occur, the induction 
is completed. In case (iii)(b } t we obtain equations 
of the form? 

U ^ 2 ■ ♦ * = WYV ^ 2 ... v^ n 

or: WU h3 - uj 1 * * Y(XYl k V ^ 2 . V^ rt 

3 ™ * n 
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both of which can he deg It with as in case (ill) (t» 3 . 

Far any schema Q and path/1peation vector far Q x 
h r we defined Q(fi) to be the ward-function giving the 
value of the location corresponding to h^ after the 
execution of the path h ( and we showed that Q fh.) was 
P-represant-able* So suppose la a F-function, Q-* is 
a lvf , and: 

C^h)[d Q (3;h.) -> Q(h) - QMsj] 

For two schemata Q,R, the condition di££ n D (h r k} on 
h and k that Q fh) / R(Tc) is the P-formula: 


^ P R (t-»c) .=>. « Q ,_ H ,(s,t)] 


where is the predicate of Theorem 6*1 for the 

lwf '5 and R** 


Theorem 6,2 For any two schemata Q r R, there is a 
formula, ^Q t R' free in the variables ii,k ( such that* 

r Q H R^'—^ iE tKrue and only if the paths 
corresponding to h and k in the schemata Q and r are 
consistent, and represent execution sequences* 
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proof., r^ is the formula: 

—— “ U *R " 

| ffio.ii.Vii't T o ( Vi lAT i^'-’ ■ -> * dif ^,o®o' j5 -i ) 

*-'« ^(k 0 ,k) ~ T^,*) •= > - ««,, R (V\> 

.^ = ^(hj.h) ^ rjfk^k) .->. ai« 0t *<VV 

T^th^h) A. Tj^.k) .=>. «J-** QjR (£ 3 i ,jE 0 l j 

. : . fi.n Q G (h} v fi-Bj 0 (hi v in± Q (b) 

£in Q E (kl fi*. * t QeJ v inf R (k) | _/ 

Theorem. 6-_3 Given schemata C,K. in S t there is an effective 
construction of a formula Eq(Qi-R) of P which is true i± 
and only if Q are P are equivalent. 


Proof , Eg(Q,H) is the formula; 


(h,kl 


r (h,k) :=>: fin Q (h) fin R (k) 

Q, R O' u 

. fin^ (h) ^ fin-^k.) 


in± Q (h) /x inf R (k) 


k) j _/ 


The theory P is decidable j so we have proved: 


[4 
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^Theorem 6 .A The e-guivalence problem for serbemota in 
the class S is recursively solvable- 
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$7. Free. liberal and progressive schemata 
j7■1 Freeing liberal schemata 

Def init ions . A schema p is free is every sequence through 
p is an eiecution sequence♦ 

A schema P is liberal if, in every sequence through P, no 
expression funder a free interpretation) is computed 
more than once. 

Theorem 7.1 Given any liberal schema p, there is an 
effective construction of an equivalent free schema P . 
(This construction will be called freeing P'-) 

Proof . We have only to ensure that no location F is 

tested more than once by the same test-function between 

successive assignments to it, for then, any sequence is 

necessarily consistent and therefore an execution 

sequence. The construction of P is hy stages- At each 

stage, for some u r j, we 'free the schema with respect to 

T (L )’ , in the following way. 
u j 

Three copies of p are made, p^,p^,p^ r say. The 
addresses corregrading to each 'a' in p will be denoted 
hy a E ,a° r a - respectively and the transfer addresses in 
each copy altered accordingly. Any test in P of the form: 


V L j> b ' c 










is replaced in p 13 byj 

T (L.) b 0 .! 1 

u 3 

in P° by: 


go to b^ 
and in P^ by: 

go to c^. 

Any computation instruction in p of the form: 



n I 

is replaced in both P and P by: 
gO to a w * 

>T 

The initial address of the new schema ia a^, where a^ i 
the initial address of P. Since the part of the new 


schema corresponding to ?° is only accessible when the 
expression in location Lj has already been tested by T u 
and T^fL^) = 0. and similarly for p 1 , it is clear that 
the new schema is equivalent to P. Furthermore,, in the 
new schema can be tested at most once by T u between 
assignments* 

When we have successfully freed P with respect 
to each pair of location and test symbol, the result is 
the new equivalent free schema F^, 


The application of this construction to a simple 
schema is illustrated in flew-diagrammatic form in Pigs 
ti)r (ii) and (ill) on the following pages. (Note that 


120 


1 

f 

L: - 

g(n) 


Fig* 1 + 
Schema F 



N - HfLjhj) 



u:^ & CmI 


Fig. 2, schema P' 

= p freed w+r+t* T{L) 
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Pig, A* Abbreviated form of F“ f 
1* L := GUS) it ,2 
2. fJ s= H(L f Nl 3,e Q 
3* N s* f(L, M,!*) 3, Sq 

r, goto tt 
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for the sake of clarity various 1 inaccessible' part a of 
the schemata have been omitted.) 

Without losing any generality, we may assurne 
that in any schema, no location is tested before it has 
been assigned to, because given any schema P we can, if 
necessary, introduce a new monadic operator K, say, and 
precede the schema by the new instructions* 

L, KO^) 

L £ := Kft 2 ) 


■etc ■ 

to produce the schema F 1 „ Clearly, 

¥ = Q if and only if P 1 = Q ’ 
and if w(f') is a canonical form for P‘, then a canonical 
form for F is produced by just deleting from B(P') all 
those instructions involving K. 

Suppose we take any schema satisfying this condition, 
and, for each location L, insert after each computation 
instruction assigning to L the trivial sequence of test 
instructions. 


T^Li 

*+l, 

■ + 1 

t 2 (l) 

* + l. 



♦+!, *+l 
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where T are all the test symbols* The resulting 

1 k 


schema is equivalent to the original one and we note 


that,, after applying the treeing construction described 
in Theorem l f the new schema still has the property 
that each location is tested in turn hy each test symbol 
attar each assignment to it, Following this sequence of 
tests, the next instruction may be one of up to 2^ 
successors. For our purposes it is a convenient abbrevi¬ 
ation to express the computation and succeeding tests 
in a single statement as, Eayj 


«■, V fc l .L-j ) 

J ] 1 3 r 


a, ,a. 


.,a 


2* 


so the next instruction has address where 

n 

n - 1 2 r_1 .T (L ) 

jL*tl r j 

We are therefore considering schemata whose statements 
are all either of this form or else are unconditional 
transfers. The latter, however, are clearly eltrainable, 
provided that wa allow just one new instruction of the 
form? 


x , goto !r 

which provides an equivalent for any loop consisting 
entirely of unconditional transfers. 

At this stage it is convenient to make some 
further simplifications, The initial address is marked. 
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&11 successors of marked addresses axe marked and this 
step is repeated until no further addressee can be marked. 

The marked addresses are then precisely those which are 
accessible by a sequence (and sa an execution sequence) 
through the schema. All other instructions can be 
deleted, without Idse of equivalence, in a similar way, 
though proceeding in the reverse direction^, we can find 
all addresses from which either of the terminal addresses 
is accessible. All other instructions can be deleted and 
transfers to them replaced by transfers to Finally, 
if ail the successors of an instruction are e (e respect- 

tj -L 

iveiy) then the instruction can be deleted and transfers 
to it replaced by transfers directly to e^ £e^ respectively). 

In some trivial cases, sensible alternatives to these 
simplifications are required * 

As a result of these considerations we state, 
without further proofs 

Theorem 7.2 There is an effective method whereby, 
from any liberal schema, an equivalent liberal schema 
may be constructed with the following propertiesi 

(i) it is free 

(ii) it is expressible in the abbreviated form given above, 

(iii) any [partial) sequence in it which has not reached 


*, may be extended to a terminating execution sequence. 



(iv) any (partial) sequence in it which, has not 

reached e^ (e^ respectively) may be extended 
to an execution sequence which never reaches 
Sq (e^ respectively!* 

It seems likely that the decision problem for the 
equivalence of free schemata is solvable-, and certainly 
none of the techniques we have used so far to prove 
unsolvability is at all applicable* Theorem ‘J*! Eh owe 
that, for all practical purposes, any liberal schema can 
be considered tc be free, but the reverse la not the 
case. For example, the free schemas 
L 2 P(L a ) 
a* t x t= *(1^) 

L 1 := rCL 1 } 
l 2 * = 

T(L a ) *+lj a 
T ( L 2 ) * q '*i 

can be readily shown not to be equivalent to any liberal 
schema, The difference between the two classes is apparent 


too in the next two theorems. 
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Theorem 7._3 The property of being free is not recursively 
solvable. 


in the proof of this Theorem we shall require a 
result of E.L, Post |^11 j - The * correspondence problem' 
is the following: 

Given a set of pairs of words j i = 1 

over a finite alphabet„ to decide whether there 
exists a sequence of indices i^ ( i 2 , >i^ (k >1) 

where 1 <' n, such that: 


t ' - * i 


■ „ n 


Ui U, 
\ *2 


n, - v. v . *. v, 

■u lx r 2 


k *1 ^2 \ 

Post proved that the correspondence problem (for an 
alphabet with more than one letter) is recursively solvable. 


Proof of Theorem 7*3 + for an? word W = F,-F„ over an 

--—-——-““ - « b b 


! w' 1 ’! 


and 


T 




w 


(2) 


Y 
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Consider the schema:: 



This is evidently free if snd only if the correspondence 
problem ^ . >j hes no solution. / 

























Th'eor cm 7.4 


The property of toeing liberal is recursively 


solvablei 

proof * For any sequence in which the same expression is 
computed, twice r we consider the first such occurrence. 

We observe that, for this to happen, the two relevant 
computation instruction^ must toe identical up to the 
choice of assignment location, and none of tho retrieval 
locations is assigned to between them, bet us call this 
an immediate repetition . A schema is therefore illiberal 
(i.e* r.ot liberal) if and only if there is an immediate 
repetition in some execution sequence. We can apply the 
construction of Theorem 7*2 to any schema, and produce an 
equivalent schema which is free if the original is liberal, 
hut is illiberal if the original is illiberal (because 
corresponding sequences of computation instructions are 
the same} , The decision procedure is merely to looh, for 
basic repetitions in any sequence through this schema. If 
there is such an immediate repetition, then there must be 
one whore the number of intervening instructions is less than 
the total number in the schema, therefore the search can 
obviously be made finite. If no immediate repetition ia 
found, then, if the schema is free it has been found in an 
execution sequence, and if not this can only be because the 


original schema was illiberal. 


/ 
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$7„»2 Progressive schemata 

Do f in it ion ■ A schema, p is pr ogres sive if, in any 
sequence through P, the assignment location of any 
computation instruction is taken as a retrieval location 
by the next computation instruction, if any. 

The 'expression computed toy an instruction" in an 
execution sequence will mean the string which is produced 
under the corresponding free interpretation. 

Lemma 1 . 

(i) The lengths of successive expressions computed by a 
sequence through a progressive schema are strictly increasing* 

(ii) Given any Expression E computable by a sequence through 
a progressive schema, there is a unique integer n, and a 
unique sequence s r of expressions 

1 ^ 

such that any sequence of a progressive schema which computes 
E computes precisely the expressions of a in turn* 

Proof * 

{i} Each expression must contain the previous one aa a 
proper s u.b expre s s i on * 

{iil S is uniquely decomposable into its immediate 
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subexpressions and. cither each is an initial symbol, i.-e. an 
L^, or else one Df the subexpressions was the expression 
computed immediately before £ and so is distinguishEd by 
being the longest, in view of (i). The result is then proved 
easily by induction on the length of a sequence which computes 
E. _/ 

Corollary of Lemma l(i) « Any progressive schema is liberal. 

Definition » Let depth {£} be the number n of Lemma 1 for 
suitable E {and undefined otherwise). 

Lemma 2 , Let be sequences through the progressive schema 

p, which compute E^, respectively, and suppose that 
depth = depth (E^) 

but ^ E^ . Let t| * be continuations of t^ f t^ 

respectively, which compute f and E^ ', say- Then E-^" ^ ' * 

Proof . Trivial from Lemma l{ii)■ _ / 

Suppose p. Q are free,, liberal, progressive schemata 
with the properties described in Thecrem 7.2* 

Theorem 7*5 If P ■ Q, then for all interpretations I, 

J* n \ 

the execution sequences ^ ■ 3 and w compute precisely 
the same sequence of expressions. 
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fp) 

proof, suppose ^ only computes n expressions in the 

sequence t^, which then terminates or reaches the address 

while computes an (n+1) th expression in the sequence 

t^. By Theorem 7.2, there is a continuation of 

which behaves differently from t , and clearly t. and t, 1 

1 ± 


are consistent* So P ^ Q* 

Alternatively, suppose the (n+l)th expressions calcu¬ 


lated by r 


and exist and are different , and 


denote the sequence thus far by t. and t respectively. 

There is some continuation, t^ 1 say, of t^ wnich terminates 

at e{=e^ QJf * There is also some contiimation t 2 ‘ of 

t which never reaches e+ Since t. and t* are consistent 
2 12 

and, by Lemma 2 t the sets of egressions computed in the 


continuation parts of t 1 and t^ 1 are disjoint, it follows 

tint t 1 and t 1 are consistent, and so P ^ Q. These 
1 2 

contradictions prove the theorem. / 


In a £7.4 we shall produce an algorithm to decide the 
equivalence of any progressive schemata, however it seems 
desirable to present first the easier decision procedure for 
progressive schemata of a more restricted class. 


$7.3 Full schemata 

Definition. A full (or fully progressive ] schema is one 









in which each computation instruction takes every location 
as a retrieval looption* 

Corollary , A full schema is progressive. 

Lemma 3 . For any two sequences In full schemata which 
compute the same sequence of expressions, the two 
corresponding sequences of computation instructions ere 
identical except perhaps for the last instructions of 
the sequence, whose assignment locations may differ. 

proof, Assume that the result is true for sequences 
which compute just r expressions and further that for 
such sequences the two corresponding free computation 
sequences are identical except perhaps after the last 
irs- tractions- Thia hypothesis is trivially true for 
r — 1, Suppose it to be true for r < k. (It > 1) , and 
suppose two sequences compute identical sequences of 
expressions of length k. The elements of each member of 
the free computation sequence are clearly distinct and 
each occurs as a subexpression of the next computed expres¬ 
sion, so the penultimate computations must replace the 
same expressions. Hence the penultimate assignment 
locations are the same and thersforE so are the next 
members of the free computation sequence. Tbs last com- 
putation instructions must therefore agree to within 
choice of assignment location and so the hypothesis holds 
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fax - r — K. 


The result follows by induction. 


Now we define an equivalence relation *v , on the 
statement addresses of schemata in the abbreviated form 
described in Theorem 7*2* 


Definitions 
a l'** *' a 2k' 


If address a has the successor addresses 
then we define t 


slide . (a) = a 

— 1 i 


f o-r i = 1, * * ,, 2^ 


The instruction associated with the address a is 
denoted by inst{a) * 


Definition of — . 

Clause (1) . 

a b if and only if inst{a}' - inst(b) f and for each 

i = 1,***,2 , succ^a} -v succ^_ (b) 

(or suco^ta} » suce^b) if either one is 
e D * e L or r .) 

Clause (ii) * 

is the weakest relation satisfying Clause (i) * 

Lanrna 4 * The definition of - is welidefined and effective * 


Proof* For certain pairs a,b H Clause (i) gives a b* 
This set of pairs can be effectively constructed by 
stages* At stage n (n > 1), we add just those pairs 










whose inequivalence follows from Clause (i) and, if 
n > 1, the pairs added at the previous stage. When 
this construction terminates, we can clearly define all 
the remaining pairs to be equivalent, without obtaining 
a contradiction from Clause (i}. The relation so defined 
also satisfied Clause {ii). _/ 

Lemma 5 * — (and indeed any relation satisfying Clause 

(i)) has the 'substitution property 1 , that ig, 

'Given any schema p, with addresses a,b where 
a b, the schema P', obtained by replacing an 
occurrence of 'a 1 in a transfer address by 'b', 
is equivalent to p." 

Proof* Under any interpretation, the execution sequences 
in P^P 1 can he shown inductively ta have corresponding 
addresses equivalent and so containing the same instructions. 
Hence the values of the two sequences are the same. / 

-c- 

Construction of the 'canonical form' P * 

Given any full schema P, we can effectively construct 
an equivalent schema satisfying the conditions of 
Theorem 1 Assuming now the abbreviated form, we 
replace the assignment location in any statement all of 
whgse successor addresses are *, e^ qr e^ r by some fixed 
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location, £ay. This produces, of course, an equivalent 
schema - How we select one from each —equivalence class 
of addresses and replace each transfer address by the 
chosen address of its class,. Repeated application of 
Lemma 5 shows that the resulting schema is equivalent to 
the original one. With the representative from the class 
containing the old initial address as the new initial 
address, all except tbs chosen representatives are inac¬ 
cessible and may be deleted r leaving a set of addresses 
no two of which are *»-equivalent, This schema with a 
suitable renaming of the addresses is P. One method of 
naming which suggests itself is tg label the initial 
statement with and then proceed by using the lowest 

integer not yet used, to label the earliest successor of 
the lowest-labelled statement that is not vet labelled* 

By Theorem 7.2, each statement is accessible and so gets 
labelled eventually. 

We require to prove that for any equivalence class 
of schemata the canonical form obtained as described is 
unique. 

Lemma 6 . If P; Q, then corresponding statoment addresses 
of any consistent pair of execution sequences through p 


and Q are 


-equiva1ent. 
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Proof , Suppose p = Q r and that x = ^,34^ .., and 

y - y x ,y ,*•- are such a pair of sequences and that 

- Y r fox r < n, hut x ^ / y fii 

Then, by the proof of Lemma 4, there is a consistent 

pair x',y' Of extensions of X ,***,x and y, , * * *y_. 

1 n 1 n 

respectively, such that for some m > n H either 

ingt(x 1 ) / inst Ey 1 ), or one of x' ,y p is e ,e or 

m m m 0 1 

* and x" / y' * Prom Theorem 7*5, Lemma 3, ahd the 
m m, 

consideration that the exceptional case of Lemma 3 has 
hEen explicitly provented, the first case is impossible* 
By Theorem 7.5, x 1 and y‘ reach one o£ e 0 ,e^ P * simul¬ 
taneously and so the second case is a contradiction of 
P 5 Q- / 

Theorem 7.6 * If p,Q have canonical forms PVQ" as deg- 
cribed above then: 

P S' Q if and only if P' and Q are identical. 

proof. Since e schema and its canonical form are equi¬ 
valent t 

a a . 

P,Q identical implies p = Q- 

For the reverse implication, if p = Q, then by Lemma 6, 

y\ 

the initial statements of P,Q, and hence q± P f Q, are 

".equivalent* By the definition of ^ , corresponding 
successors of equivalent addresses are equivalent, and. 






lay the construction of the canonical form, there is 

only one representative of each equivalence class in 

y\ /\ 

each schema* Therefore P,Q are the same to within, 
possibly, renaming of addresses, hut both were named in 
a, standard way which depended only on the structure, SO 
"p^Q' are identical* / 

Hence we have? 

Theorem 7*7 . The problem of deciding whether or not 
two given full schemata are equivalent is recursively 
solvable. 


Corollary . The equivalence problem for schemata which 
use only one location is recursively solvable* 
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$7.4 Decision procedure for progressive schemata « 

We can assume at gnce that any progressive schema 
is already in the abbreviated form guaranteed by 
Theorem 7.2. Por any statement: 

a * L j 1= -' L * t } *1- 

we define: 

JSijLl “ Fy , 

the assignment index of a ,, agg [a j = j, 

the retrieval vector of a ; Ret (a) “ < Ic-^ .. > 

and denote the i^* 1 component of Ret (a) by ret^ (a) » 

A location L_. is alive at address a if there ia a sequence 

through the schema from aj 

a b ~ ( J5 p . . i f l> (n ^ 01 

u 1 2 n 

such that? 

(i) K &et(b n ) 

but (ii) j ^ asg for any i, 0 < i < ii. 

(JjJo location is alive at a terminal address.) If there 

is such a sequence, then there is clearly one of length 

lese than or equal to the number of statements in the 

schema, so there are effective and efficient algorithms 

for determining the set: 

liivefa) - i i I L. alive at a i « 

def ^ f 
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For any point r (n) of a sequence w through any 
schema, we define the free configuration , C( t , n) , as 
the [ tut 1) - Vector: 

c(x p n) - c ff {n) t A(r){n)> 
and the reduced configuration , C 1 ( *■ f n] , 

C 1 ( it ,tt) = < r (n), A 1 ( T, ) (n) > 
where VM(n)(j) 'MOIoHi) if L. is alive at ir{n}, 

- 0 Otherwise. 

Also Range n) is the set Df all non-zero elements of 
A'(f)(n), (which axe necessarily all distinct) , 

It is evident that, for any interpretation and 
for any point o£ the corresponding execution sequence, 
the continuation and value of the sequence depend only 
on the reduced configuration at that point. 

Lemra. 7 * P s Q implies that, for evexy interpretation 
I and integer m 

flange( » flange ( * ^ ^,n] 

Rrocf « Suppose *,*’ are consistent sequences in R,Q 

respectively and scone expression E is in Range ( f *n) 
hut not in Range ^her-e is a sequence continuing 

from f(n), in which E is taken as an argument in the 
computation of some expression E H , say, but no continuation 
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from t 1 (n) can ever uae E as an argument and, so can aver 
compute E H . Thus there is an interpretation for which 
the two corresponding execution sequences compute differ¬ 
ent sequences o£ expressions, and so, by Theorem: 7.5, 

F £ Q. __/ 

Let m be the (fixed) number of location symbols 
involved in the schemata under consideration, and let s 
be the group of all permutations on m elements, If 
^ £ S m , we define for any vector of integers in the 
set | 1, * * *,m | : 

*> ( < .> ) - < * * Ck t ) > 

and for a set of such integers: 

*{T) = f *(j) i j £ t} 

Definition » Address a is -simijLar to address b, 
a * (b) , when; 

(I) if a,b are terminal or equal * (the 'dynamic 
stop 1 ) , then a = b? 

(XI) if a,b axe prefixes of statements, then: 

(i) fn(a) = fn(b) 


(ii) Ret (a) 


* (Ret (b> > 
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{lil} 


either ^asgfa) s ^(asg(to)]l J 

OE f"asg(a}^ u f |Live (sufle^{lj) )) 
L i 

and vK&sg tb))^ u Live (succ^ (a)) 

i 


[±v} Live (a) = v(Live(b)) 


& a is defined as where r » asg(a) and 

3 ■= ^ (asg(b)) [i.e. the permutation v followed by the 
transposition of r and s) <. 

For any configuration □ ■ < a x D > t we defines 


* [d] " ^ L i '”' ,D 4 

L J (l) 1 a? (m) 

If configuration 0 immediately follows a in an execution 
sequence corresponding to some interpretation I, we writs; 



or just 6 — i3 


Let t = ( a,A > j a * < t,B ) ( 7 -<c,C> f S“< d, D > 

L 

denote general reduced configurations* 


Lemma 3 * Suppose A = * JS J , the expressions computed at 

n and b are the same, and for all interpretations I, 

I I 

Range{ l } = Range( £ ) where a-and £ — 


them 


a) 


a/p 


*} 


for such y t 


& 


{ 2 ) a ± * (b) 
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Proof, fart (1) is trivial, per part (2), the conditions 
(i) arid tiv) of the definition of r a “ * {b) ' are 
clearly satisfied, and since the non-zero components of 
any reduced configuration are always distinct, so also is 
condition (ii), Suppose that; 

asg(al / ^(asg(bj) and ^(asg(b)l r Live(c) 

for some V = <c,C > , say, where a-—T , Then; 

\ S ,(b] ' A ^(3 83 It) 

= C ^(a 5 gt'»)) since only L„ g ( a ] is 
assigned to, 

D 0 (asg(bH ) 

= D u?" 1 (asgta) ) 

" E hP _ 1 (a£g(a) ) 

which is impossible, A similar argument is followed if 
asg (a} C (.Live( d.) ), and so condition (iii) is satisfied, 
and part (2} is proved. _/ 


For any two sequences we defined germ ,(>,11 mo by; 

perm( ir , f 0) = [ = identity permutation 
perm n+1) * permtn,*- 1 , n }j "'(*0 r ■’(n) 


for n > 0 
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Theorem 


for all 


7For any schemata p,Q: F = Q if and only if 


interpretations I and integers n; 

W J ^ F ( T i ^ ) 


/pi [Q } 

where <P = penti{^^ 1 * *” j ' n ) 

proof . The sufficiency condition follows from. Part (1) of 
the definition of <p similarity* The necessity is a con¬ 
sequence cf Theorem 7*5, Lemma 7, and Lemma 8, and is 
proved fry induction on n* _/ 


A triple <<S jb,*^ is valid if a ~ <p(b), and Invalid 
otherwise* A triple (c.dl^ 1 ) follows a triple 
^ a,b, ^ ) if 1 ±t and tor some i, c = succ^fa) 

and d — succ^(b).. A chain of triples is a sequence 

of triples, where x n+ ^ follows for ail n > 1* 

Theorem 7*9 can be alternatively expressed as* 

1 P = ft if and only if there is no chain starting 
from <p^ x g^,( > , where OQ,q^ are the initial 
addresses of F,ft respectively, and containing an 
invalid triple* 1 

Since it is effectively determinable whether or not a given 
triple is valid, and there are only a finite number of 
tripies involved, we havej 
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Theorem ?.'9 . it is recursively solvable, given any two 
progressive schemata p and Q t whether or liOt & £ Q- 
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$7* 5 Conservative schemata 

A conservative schema is One in all of whose compu¬ 
tation instructions the assignment location appears as a 
retrieval location, e.g„: 

h h£l 3 ,l ,i> a J 

Lemma. - Any conservative schema is liberal. 

Proof ♦ The proof follows by induction when we note that: 

(i) the expressions associated with the locations 
are all distinct, 

[ii) whenever any new expression is computed, one of 

its subexpressions is loat by being 1 overwritten 1 , 
so the computation cannot be repeated * _/ 

If we delete the first instruction: 

L 2 := F (1j 1 ) 

from each of the simulation schemata of $5* the resulting 
schemata are conservative. There is an obvious isomorphism 
between conservative schemata with a single monadic func¬ 
tion symbol F, say, and m locations, and ni-tape finite 
automata, Given Eiich a schema , we prefix it with the new 
sequence of instructions: 
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L1 i= 

■I 

a 

# 

L m s- F(L > 

i4l 

and then we can construct the equivalent free schema, 
as in Theorem 7,3* To each abbreviated & tat ament* 

a Q * ~ m FfL£) a^j 

of this schema, we make correspond the state in an 
m-tape automaton with the transitionsr 




next 

sta t e 

state 

head 

a l £ 2 

■ - - s 2 k 

^0 

i 

a ! s 2 

* * * a v 
2* 


The trivial loop at ir corresponds to a trivial loop in 
the automaton* The reverse correspondence is obvious* 

Theorem. 7*10 * Two such schemata are equivalent if and 
only if their corresponding m-tape automata are equivalent 
[that is, accept and reject the same sets of tapes}* 

Proof * we just extend the correspondence by noting 
that an m-tape automaton accepts* rejects* diverges on, 
respectively, an m-tuple of tapes, just as the correspond¬ 
ing schema succeeds, fails or diverges, under the 
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interpretation which corresponds with the m-tuple in 
the obvious way, any interpretation corresponds to an 
m-tuple of tapes. _/ 

The equivalence problem for multitape finite 
automata is well known, but to data is unresolved. 
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SUMMARY 

in $2 and $3 we introduced program schemata,, gave 
some justification of the reasons behind oux definitions, 
and began to discover the sort of problems we ought to 
investigate. If the formalism is to provide the basis of 
an adequate optimization procedure, it is preferable 
that the equivalence problems involved be at least par¬ 
tially solvable* In Part II we began to chart the unsolv 
able domains that would have to be avoided, Some of the 
general conclusions we can draw, as a result of this, are 

(1) By electing to restrict the range of possible 
interpretations in some general way, we can gain, at most 
some partial solvability results. 

(2) It avails us nothing in solvability to reduce 
the number of function and test symbols to the minimum 
■which leaves a nontrivial language, and tittsclvability is 
with us already in scbeitmta with just two locations. 

{3} itfe do not require arbitrarily complicated loop- 
structures in the flow-diagrams for unsolvability, but 
we can hope to find decision procedures under certain 
nontrivial constraints on the structure. 

in Part III we started to investigate some of the 
possible solvable domains, in $6 for example, we found 
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a decisi-on procedure for a class of schemata suggested 
py (3)« While this ig encouraging, we shall have to 
extend this result somewhat, before it can have very 
general application, A very noticeable feature of the 
schemata used to prove unsolvability results in Part rx 
is the high degree of repetition of computation and test¬ 
ing of values. This suggested that some attention be 
given to l free r schemata, which never test the same value 
twice, and to 'liberal' schemata, which never compute the 
same value twice» In $74 we derived some information 
about the relationship between these different classes, 
but wo required the further restriction to 'progressive 1 
schemata, before a decision procedure emerged {$7,4), 

The final short $7.5 on 'conservative' schemata merely 
serves to introduce a class of schemata, with a potentially 
solvable decision problem, and which is wide enough to 
encompass a usefully large variety of schemata, A solu¬ 
tion to the equivalence problem for multitape automata 
would be a major step toward a decision procedure for these 
schemata, and we await this solution with interest. 

The need how arises to develop techniques by which 
actual computer programs may best be expressed in the form 
gf program schemata, and if possible propram schemata in 
a solvable domain. This abstraction may be carried cat at 
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several levels in turn. At the 'deepest' level, we may 
express- single "machine-orders", or even parts of such 
orders,, as schema statements and consider simplifications 
a£ the program, a small portion at a time* For "straight- 
through’ sequences of instructions, existing compilers 
use various ad hoc techniques for, say, eliminating redun¬ 
dant orders or collecting together common subexpressions 
of expressions to be calculated, and it would he valuable 
to have a formalism in which to express these techniques, 
and to develop new ones in a ’machine-independent’ form. 

At ’shallower 1 levels of simplification, we might use one 
schema statement to represent a whole subprogram or routine, 
operating perhaps on complex data structures. Abstract ion 
to a schema would allow the convenient manipulation of 
these blocks of instructions and permit simplifications 
of a grosser kind. 

These ideas have provided the motivation fox the 
present research, but we do not discuss the practical appli¬ 
cations in any detail in this dissertation. We have set 
down a theoretical basis of this model of computation, 
investigated some of its immediate ramifications and 
indicated some of the directions in which we hope to progress 
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